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Problem set up

>

>

>

A = ®p>1M(C) the k>*-UHF algebra
Recall: ¢ state on My(C), ¢(-) = tr(h-), h >0, tr(h) = 1.

© = ®pn>1¢n a product state on A where ¢, = tr (h,-), and h, are
diagonal matrices with strictly positive entries and tr a, = 1.

» (H,,m,) GNS representation of (A, ¢).

> M =7,(A)" = @n>1(Mk(C), pn) is a factor; such a factor is called

Araki-Woods factor or ITPFI factor; ITPFI factors are AFD factors.

» G compact group;

» 7: G — My(C) unitary representation of G

> a: G — Aut (A) the product type (Xerox) action induced by the

representation m, which is given by

a(g) = @pz1Ad 7(g)

> AC the fixed point algebra under o

» fact: AC is an AF-algebra



Problem set up

> 0% =¢lac
» (myc, Hye) - the GNS representation of (AC, %)

Question 1

Find conditions on the product state ¢ for m,c(A®)" being a factor and
more precisely for being of type Il, Il or of type Ill.

We assume first that the action « is induced by a diagonal representation
of a compact group G.

In this case the action « induces an action on M = m,(A)”, denoted also

with «, and
M€ ~ 7 ,c(A®)".



The 1-Torus and SU(2) action on ®,>1M>(C)

Let

B = ®p>1M>(C) 2°°-UHF algebra (CAR algebra)

7 : SU(2) — M,(C), the standrad representation of SU(2), and
a : SU(2) — Aut(A) the corresponding product action.

the restriction of « to the maximal torus T is
et 0
tH®n>1Ad |: 0 e_it :| ,t€[0,27r)

B3Y() and BT - the fixed point algebras
BT - the GICAR algebra

© = @pz19n given by @,(-) = tr(hy'),
h, = diag(an, bn) an, b, € (0,1) and a, + b, =1



The 1-Torus and SU(2) action on ®,>1M>(C)

Theorem 1 .
m,7(BT)" is factor if and only if 3 ap(1 — a,) = oc.
n=1

If w,r(BT)" is a factor then w,r(BT)" is
(i) of type Il if and only if there exist a € (0, 1), such that
S(an — a)? < oo;

(ii) of type Il if and only if there exist a € (0, 1), such that a, - a
and 3" a,(1 — a,)(a, — a)? < oo;
(i) of type lll if and only if for every a € (0,1)
S an(l—a,)(an — a)? < .
If>"(an — 3)* = oo then
7TW(BT)// _ W¢(BSU(2))I' and 7T<pT(BT)/I — 7Twsu(z)(BSUQ))//



Factoriality of 7, (A®)”

M = 7, (A)" ~ M(X, 1, T) and m,6(AC)" ~ M(X, 11, R), where

> X = Hn}l{o’ 1,2,... k- 1}' H = @nx1fn, with :u'n(’ - 1) = (p,,(e;})
for n>1,1<i < k where ef, i,j € {1,2,...,k} are the matrix
units of the k™" term in the tensor product ®,>1 M (C).

» T is the tail equivalence relation on X, that for x = (xp)n>1,
¥ = (¥n)n>1 is given by

xTy:d n>=land x;=y;,i >n

» R is a subequivalence relation of 7



Factoriality of 7, (A®)”

> T,6(AC)" factor < R is ergodic with respect to .

» Let R be the equivalence relation on X induced by the action of
Soo, the group of all finite permutations on N\ {0}, acting by

O'(Xl,XQ,. ey Xny e ) = (Xg(l),Xa(g), N ,XU(,,),. . .),
forxe X, o€ 5.

> Aldous-Pitman: R is ergodic with respect to u = ®p>1445 is and
only if

> ia(B)(1 = pn(B)) = o0
for every ) £ B C {0,1,... k —1}.
> R DO Re — if Reo ergodic then R ergodic

Example 2
For the GICAR case, m,7(B")" ~ M(X, 1, Roc), where

> X = Hn>1{07 1}
> (= ®p>1in, Where 11,(0) = ap, pun(1) = by



Factoriality of 7, (A®)”

Example 3

> A= ®p>1M3(C) the 3>°-UHF algebra
elt
> a: T — Aut (A), at) = @n>1Ad [ 1 ]
oit

> © = Qp>1¢n ¢n(-) =tr(hy-), hy, = diag(an, bn, cn) > 0, tr(h,) = 1.
Then N = M7 ~7r(AT)" ~ M(X, i1, R), where

» X =1[,>.{0,1,2},
> 11n(0) = an, pn(1) = bn, pn(2) =cy n>1

n
> xRy < 3n, x; =y, i>nand Y (x;—y)=0

i=1

Proposition 4
N ~ M(X, 1, R) is factor if and only if Y by(1 — b,) = cc.



Fixed point factors of type Il;

T4 (AC)" is of type Il; < pu is equivalent to an ergodic R-invariant
probability measure on X.

Non-atomic fully supported R-invariant ergodic measures on X «—
Faithful extremal traces of the fixed point algebra A®

Handelman: For the above example, the faithful diagonal extremal traces
are of the form ®,>1tr(h-), where

X 1 1
h=di , , X , x>0
Iag<1+x+i 1+x+1 1—|—x+)1(> x

Proposition 5
N ~ 7, (AT)" is of type Il if and only if there exists x > 0, such that

Z(an —a)>+ (bs — b)* + (¢ — ¢)* < 00,

T 1l4x+ic

o X
where a = Trxi D"

x 1]



Fixed point factors of type Il and of type Il

» Connes — invariant T

» N, ¢ — of, the modular group of automorphisms
> T(N)={teR,of inner}
>

If a factor N has separable predual, then
N is semifinite < T(N) =R

Proposition 6

If M€ is a fixed point factor under a product type action o of G on
M = 7, (A)", then

te T(M®) < 3 v e UMC) and g € G such that of = Ad v ooy

where o is the modular group of automorphisms of M.



Fixed point factors of type Il and of type Il

For the example considered, we have that:

Proposition 7
t € T(N) if and only if there exist s € [0, 2m) such that

> |:anbn(1 — cos(t log % —5)) + baca(l — cos(tlog% —s))

n n

+ancy(1 — cos(tlog Gy 2s))| < o0
an



Fixed point factors of type Il and of type Il
Theorem 8 (Giordano-M.)

(1) If >~ an(1 —a,) = 00, > bp(1 — by) = 00, > cp(l — ¢p) = 00, then
N~ m,r(AT)" is a factor, and
(i) N is of type Iy if and only if there exists x > 0 such that:

Z(a,, —a)®+ (e — ¢)> + (b — b)* < o0,

I |

-
—+
X
—+
X |-

- X _ _ 1 _
where a = Trxr T b= 1+X+%,andcf

If N is not of type Il, then:
(i) N is of type ll if and only if there exists x > 0 such that:

¢ I

[y
+
X
+
X |-

Z anbn(anb — b,,a)2 + anca(anc — C,,a)2 + bpcn(cnb — b,,c)2 < 00

where a = ﬁ = ﬁ and c =
(ili) N is a factor of type Il otherwise.



Fixed point factors of type Il and of type Il

(2) If Y by(1 — bp) =00 and " an(1 — a,) < oo, then, N is of type Il
if and only if

Z bncy (bnc — c,,b)2 < 00

for a unique pair (a, c) with b+ ¢ = 1. Otherwise, N is of type Ill.

(3) If 3" by(1 — by) =00 and > cp(1 — ¢n) < 00, then, N is of type Il
if and only if
Z anbn (apb — b,,a)2 < 00,

for a unique pair (a, b) with a+ b = 1. Otherwise, N is of type Ill.



Subtypes for type Il factors

Recall

» Connes — invariant S for factors

» 0 € S(M) if and only if M type III.

> S(M)NR closed subgroup of R*
If M is a factor of type Ill
> S(M)={0,1} — I,
> S(M)={0}U{A\":ne Z} for A€ (0,1) — I,
> S(M) =10,00) — Ilh.

» for ITPFI factors, Connes’ invariant S corresponds to asymptotic
ratio set defined by Araki-Woods



Subtypes for type Il factors

We constructed a ratio set, ro(N, ©), for factors of the form
N = mp(AG)” which are fixed point factors under diagonal product type

actions, where « is a product action induced by a diagonal representation
of G on A.

Theorem 9 (Giordano-M.)
If N is of type Il then:

(i) N is of type Illy if and only if ro (N, ) \ {0} = {1},

(i) N is of type lll\ for some A € (0,1) if and only if
reo(N; ©) \ {0} = {A", n € Z},

(iii) N is of type Il if and only if roo(N, ) \ {0} = (0, 00).



Fixed Point which are ITPFI Factors

Question 2
Are fixed point factors are ITPF| factors?

Recall
» Fixed point factors are AFD factors
» There is a unique AFD factor of type lly, I, Illy with A #£0

» In 1980, Connes and Woods introduced a new property of ergodic
actions called approximate transitivity to characterize among AFD
von Neumann factors the Araki-Woods or ITPFI factors.



Fixed Point Factors which are ITPFI Factors

Definition 10 (Approximate Transitivity)

An action of a group G on a measure space (X, i1) is approximately
transitive (AT) if for all € > 0 and any sequence fi, f, . . ., f, of
functions in L}(X, 1)+, the space of positive integrable functions, there
exists a function f in LY(X, u)4, finitely many elements g; ; of G and
constants A;; > 0 such that

dio g
f;'—z}\;’jfog;’j%‘ugd <e€
J 1

for each i.



Fixed Point Factors which are ITPFI Factors

Definition 11 (Associated Flow)

Let R be an equivalence relation on (X, B, 11). Let R be the the
equivalence relation on (X x R, ;1 x e“du) defined by ((x,s), (y,t)) € R
if (x,y) € R and t =s —logd(y, x), where d(y, x) is the
Radon-Nicodym cocycle. By F we denote the sub o-algebra consisting of
all R-invariant sets. By Y we denote the quotient space X x R/F, that
is the space of all ﬁ—ergodic components. We let 7 be the natural
surjection from X x R to Y. By {T;, t € R}, we denote the flow
Ti(x,s) = (x,s + t) for (x,s) € X x R. By {F;, t € R}, we denote the
factor flow of {T;, t € R} to the quotient space Y through the factor
map 7, that is, 7 T; = Fymr, for all t € R. The flow F; is called the
associated flow (or the Poincaré flow) of R.



Fixed Point Factors which are ITPFI Factors

Hyperfinite ergod ecquiv relation AFD factors
'\XJ ]-IJR) M'\X, ]_I,R)
Orbit equivalence Tsomorphism

Ergodic flows

Conjugacy of flows



Fixed Point Factors which are ITPFI Factors

Hyperfinite ergod equiv relation AFD factors
'\X:v P:R) M'\X, ]_I,R)
Tail equivalences SR

Ergodic flows
U

AT flows

Connes-Woods: An AFD factor is ITPFI if and only if its flow of weights
is AT.



Fixed Point Factors which are ITPFI Factors

We recall the following results:

» Giordano-Handelman: fixed point factors under Z»-actions on
ITPFl, are ITPFI factors,

» Giordano-Handelman: constructed a fixed point factors under a
product action of Z; on an unbounded ITPFI factor -
M = @(M,(C), ¢n), sup k, = co - which is not ITPFI factor.

> It is the Krieger factor of a non-singular transformation T that
is very "close” to a odometer, but it is not orbit equivalent to
any product odometer, since its associated flow is not AT.

» Recall: Krieger introduced the so called property A, and he
proved that any product type odometer satisfies this property.

Theorem 12 (M.)
The above transformation T, satisfies Krieger's property A

This result answers a question of Dooley and Hamachi, namely, wether
property A implies AT or not.



Fixed Point Factors which are ITPFI Factors

Theorem 13 (Giordano-M.)

(1) if M© is the fixed point factor under a product type action on
®(My, ©n) and the sequence (h,)n>1 of density matrices of @, has
a limit point with non zero entries, ME€ is an ITPFI factor:

(2) M = @(My(C), tr(h;-)) with

An

, 1
hi = diag( - 7%

)

forlb+h+b+---+h_1<i<lh+h+b+--+l_1+1, h=0,
Ap — 0 and \yl, — oo then M7 is an ITPFI factor.

(3) there exists fixed point factors under actions of finite groups on
unbounded ITPFI factors - @p>1(My,(C), tr(hy-)), sup k, = oo -
that are ITPFI.

(4) Any Araki-Woods factor of the form ®p>1(Mk(C), tr(hy+)) can
obtained as a fixed point factor.



Non-diagonal Product Actions

Recall

Question 1
Find conditions on the product state ¢ for 7, (A€)” being a factor and
more precisely for being of type Il1, Il or of type //I.

Question 3
How do we answer Question 1 if « is a product type action induced by
non-diagonal representations of compact groups?



Non-diagonal Product Actions

Answer: By reducing it to the study of a diagonal Xerox action.

> © = Qp>1tr(hy) be a faithful diagonal product state on
A= ®p>1M(C)

> a(g) = ®n>1Ad 7(g) with 7 a representation (non-diagonal) of G
on U(M(C))

> Gy ={g € G,7(g) diagonal matrix}

> 0% = o] r6

» (hp)n>1 has an accumulation point h, with mutual distinct entries
on the diagonal.

With the above conditions, we proved that

7T¢(AG)H _ 7T<P(AGO)N

and
TG (AG)” ~ 7T¢,Go (AGO)H



Non-diagonal Product Actions

On A = ®,>1M3(C) we consider the product state ¢ = Q@p>1¢n
©n(+) = tr(h,-) and h, = diag(an, bn, ¢n), an, bn, cn >0 a,+ b, + ¢, = 1.

(1) Let 7 : SU(2) — M3(C) given by

a 0 b

w{ 2 b ] —| o 10

? b 0 3
ASYQ)_the fied point algebra.

T C SU(2)
eit
7|1 (t) = 1
e it

If (an, bn, cn) has a limit point (a, b, ¢) with a # ¢, then

’/Ttp(AT)H _ Ww(ASU(2))//



Non-diagonal Product Actions

(2) ASUG) - the fixed point algebra under the standard Xerox type
action of SU(3) on A = ®,>1M5(C)
AT’ _ the fixed point algebra under the restriction of this action to
T2, the maximal torus of SU(3).
If (an, bn, ¢n) has a limit point (a, b, ¢), with a, b and ¢ mutually

distinct, then ,
7T_({)(AT )// _ Wap(ASU(G;))//



