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CFT and STs

Definition: a local conformal net over S

is a family A = {A(l) C B(H) : | € I} of von Neumann algebras satisfying
(i) A(h) C A(h), if h C b, h,beT

(i) A(h) C AR), it hnkh=0, h,heT

(iii) covariance wrt. PSL(2,R)

(iv) the conformal Hamiltonian Lo generating the rotation subgroup has
positive spectrum

(v) there exists a unique vacuum vector
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CFT and STs

Definition: a graded-local conformal net over S

is a family A = {A(/) C B(H) : | € I} of von Neumann algebras with
common Z/2-grading Ad(I") satisfying

(I) .A(Il) C A(/z), ifthCch, h,heZl
(i) A(h) C ZA(L) Z, i h b =0, h,l € T, where Z = LT
(iii) covariance wrt. PSL(2,R)®

(iv) the conformal Hamiltonian Lo generating the rotation subgroup has
positive spectrum

(v) there exists a unique vacuum vector
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CFT and STs

Representations

> A locally normal representation of A is a family
m={m : A(l) — B(Hx): | € I} of normal representations on some
common separable H, such that

TI'J‘A([):']T[ if I C J,
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CFT and STs

Representations

> A locally normal representation of A is a family
m={m : A(l) — B(Hx): | € I} of normal representations on some
common separable H, such that

TI'J‘A([):']T[ if I C J,

» Fix Iy € Z. Then there is p ~ 7 localised in Iy, i.e. p; =1 for | C I§, and
pir € End(A(1)) for I D k.
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CFT and STs

Representations

> A locally normal representation of A is a family
m={m : A(l) — B(Hx): | € I} of normal representations on some
common separable H, such that

TI'J‘A([):']T[ if I C J,

» Fix Iy € Z. Then there is p ~ 7 localised in Iy, i.e. p; =1 for | C I§, and
pir € End(A(1)) for I D k.

» Conformal/diffeomorphism covariance...
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CFT and STs

Example: super-current algebra nets (sketch)

» Consider central extension of loop group, IA_U(l)N,., at level N € 2N9,
generating lattice Ly C RY. Define graded net

Al = ® mo(Li U()w,)" @ Fa(l).
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CFT and STs

Example: super-current algebra nets (sketch)

» Consider central extension of loop group, IA_U(l)N,., at level N € 2N9,
generating lattice Ly C RY. Define graded net

Al = ® mo(Li U()w,)" @ Fa(l).

> 0O-connex image of smeared fields "J(f) := >, f7J3" of super-current
algebra generated by J;, F/ with
(U2, JP) = MBas0m,—ny  [F2 FO) = 8adr—s, [Ja FF1=0,

ab=1,...d,n€eZ,re %Z. Then 1-connex is generated by € I with
selfadjoint smeared fields “J(f) := >, £7J3"
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CFT and STs

Example: super-current algebra nets (sketch)

» Consider central extension of loop group, IA_U(l)N,., at level N € 2N9,
generating lattice Ly C RY. Define graded net

d
A(l) = @) mo(Li U(L)n,)" @ Fa(l).
i=1
> 0O-connex image of smeared fields "J(f) := >, f7J3" of super-current
algebra generated by J;, F/ with
(U2, JP) = MBas0m,—ny  [F2 FO) = 8adr—s, [Ja FF1=0,

ab=1,...d,n€eZ,re %Z. Then 1-connex is generated by € I with
selfadjoint smeared fields “J(f) := >, £7J3"

» Check: graded-local conformal net.
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CFT and STs

Representations for super-current algebra net (sketch)

» Any irrep (m, H) as above extends to the super-Virasoro algebra via
for L], G, with positive energy.
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CFT and STs

Representations for super-current algebra net (sketch)

» Any irrep (m, H) as above extends to the super-Virasoro algebra via
for L], G, with positive energy.
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CFT and STs

Representations for super-current algebra net (sketch)

» Any irrep (m, H) as above extends to the super-Virasoro algebra via
for L], G, with positive energy.

> Finitely many unitary irreducible representations 74, classified by the value
J5™ = ga1, with g € Ry (cf. Kac): example
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CFT and STs

Representations for super-current algebra net (sketch)

» Any irrep (m, H) as above extends to the super-Virasoro algebra via
for L], G, with positive energy.
> Finitely many unitary irreducible representations 74, classified by the value
J5™ = ga1, with g € Ry (cf. Kac): example

(1B O 1)

(-1 {ole} H{xl0)

I
fary
~
ey
H=
~—
~
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CFT and STs

Representations for super-current algebra net (sketch)

» Any irrep (m, H) as above extends to the super-Virasoro algebra via
for L], G, with positive energy.
> Finitely many unitary irreducible representations 74, classified by the value
J5™ = ga1, with g € Ry (cf. Kac): example

(1B O 1)

(-1 H{elo} Hxl0)
(1)

>
» Explicit localised endomorphisms constructed, acting trivially on the
fermionic part.
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CFT and STs

Our aim:

1 associate nontrivial spectral triples to (graded-)local conformal nets
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CFT and STs

Our aim:

2 associate cohomology or K-homology classes
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CFT and STs

Our aim:

3 encode and recover sector structure from these classes via indices
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CFT and STs

Our aim:

1 associate nontrivial spectral triples to (graded-)local conformal nets
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CFT and STs

Ad (1): Spectral triple nets

Definition
A net of O-summable (graded) spectral triples (2(1), H, Q)1ez over S consists
of

> (graded) Hilbert space H;

> odd selfadjoint operator Q on H with associated superderivation
2
(8,dom(6)), and s.t. e 9" trace-class, for t € R;;

> isotone net 2l of unital graded *-algebras with (graded) representation
(m, H) such that 7;(A(/)) C dom(9).
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CFT and STs

Our aim:

1 associate nontrivial spectral triples to (super-)conformal nets
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CFT and STs

Our aim:

2 associate cohomology or K-homology classes
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CFT and STs

Ad (2): Entire Cyclic Cohomology and JLO Cocycle

Suitable generalisation of de Rham cohomology to noncommutative geometry
is (entire) cyclic homology:
Definition
Letting (A, || - ||) be a Banach algebra, its entire cyclic complex
(EC.(A),d) = (EC.(A) ® EC,(A), ) is given by chains
a=(a")pen, € D.en, AR g Dz A®Rn+2) satisfying the entireness
growth condition
neNw— vnl|[a”|, bounded,

and with boundary operator 0 := b + B.
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CFT and STs

Ad (2): Entire Cyclic Cohomology and JLO Cocycle

Theorem
(1) Given a 8-summable graded spectral triple ((A,~), (7, H,T), Q), consider

Sobolev norm
Il =111+ o)1
,7-(")(‘307 --~an) = / tr (l—"ﬂﬂ'(ao) e*HQZ[Q7 71'(31)] e*(t27f1)02
0<t <...<ty<1
(@ m(an) e ¢ ) d e,

Then JLO cocycles (7(")nean, @ (70" )neang+1 € C*(A").
(2) If (Qt)tep,y is @ norm-continuous homotopy, then 75 ~ 7°.
(3) For p,u € M,(A"), associate certain ECC’s Che(p) and Cho(u).
(4) Well-defined pairing with K-theory. Graded case:

[p] € Ko(A”) = 7(Che(p)) = ind. oy, (n(p) Q(p))+ € 2.
Ungraded case:
[u] € Ki(A”) — 7(Cho(u))

Robin Hillier-Universita di Roma “Tor Vergata”
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Model Analysis

Model Analysis: Super-Current Algebra Models
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Model Analysis

Superderivation and its domain

Definition
A graded representation (7, H) is called supersymmetric if it admits an odd

square-root @ of Ly on H.

Facts:
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Model Analysis

Superderivation and its domain

Definition
A graded representation (7, H) is called supersymmetric if it admits an odd

square-root @ of Ly on H.

Facts:
» Supersymmetric iff 7 Ramond rep.
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Model Analysis

Superderivation and its domain

Definition
A graded representation (7, H) is called supersymmetric if it admits an odd

square-root @ of Ly on H.
Facts:
» Supersymmetric iff 7 Ramond rep.

» Then Q := Gg (odd s.a. summable), associated superderivation
(6, dom(6)); moreover dense local domains dom(d) N w(A(1)) C w(A(1)).
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Model Analysis

Superderivation and its domain

Definition
A graded representation (7, H) is called supersymmetric if it admits an odd

square-root @ of Ly on H.
Facts:
» Supersymmetric iff 7 Ramond rep.

» Then Q := Gg (odd s.a. summable), associated superderivation
(6, dom(6)); moreover dense local domains dom(d) N w(A(1)) C w(A(1)).

> Set 2 := m~(dom(d)) C Cjiv (A7) and A(/) := AN A(/).
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Model Analysis

The spectral triples

2 1= 77 (dom(d)) C Ciiv(A”) is normed algebra with suitable norm (taking
account of § and p), invariant under all p € A, thus we have
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Model Analysis

The spectral triples

2 1= 77 (dom(d)) C Ciiv(A”) is normed algebra with suitable norm (taking
account of § and p), invariant under all p € A, thus we have

1 nontrivial global spectral triple (2, H, Q) and net of spectral triples
ANA), H, Qez,
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Model Analysis

The spectral triples

2 1= 77 (dom(d)) C Ciiv(A”) is normed algebra with suitable norm (taking
account of § and p), invariant under all p € A, thus we have

1 nontrivial global spectral triple (2, H, Q) and net of spectral triples
(Ql N A(I)7 H7 Q)IGIv
2 well-defined JLO cocycle 7 on 2 and pullbacks p*7, for p € A.
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Model Analysis

Recall our aim from above:

1 associate nontrivial spectral triples to (graded-)local conformal nets
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Model Analysis

Recall our aim from above:

2 associate cohomology or K-homology classes
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Model Analysis

Recall our aim from above:

3 encode and recover sector structure from these classes via indices
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Model Analysis

Even index pairing (for graded rep’s)

> recall

[p] € Ko(A™) = 7(Che(p)) = indr(pyre, (7(P)Qm(p))+ € Z
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Model Analysis

Even index pairing (for graded rep’s)

> recall
[p] € Ko(A”) = 7(Che(p)) = indr(pye, (7(p) Q7 (p))+ € Z
> define

ldo—gl2y (1T -
e~ |1Ho—dll )( 5 0) _ 1(P0,+)

2
_ _a
Pa+ = xa(e” 07T )Yy ( Pq

what's the meaning of these three terms?
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Model Analysis

Even index pairing (for graded rep’s)
> recall
[p] € Ko(A") = 7(Che(p)) = indr(oyr, ((p) Q@n(p)): € Z
> define
o = xa(e 0" D (e Moy EET) gy,
what's the meaning of these three terms?

Theorem
The pull-back entire cyclic cocycles p*1 over A, with p € A are well-defined,
the projections p; ; lie in 2, and

*
pquT(pthr) ~ 56717672'

Hence, the cocycles p*r, depending only on the sector [p] € [A], can be
completely separated by the family {pq,+ : q € Rn}. In particular, they are
mutually inequivalent.
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Model Analysis

Odd index pairing (for ungraded rep's)

> recall
[u] € Ki(A7) — 7(Cho(u)) = sf(Q, m(u) Q7 (u)") € Z
> define
o+ = po+vd + (1= po+)l,  ug = PQI(U0,+) € Gmv(A"), g€RN

why? what's the meaning of the terms here? well-definedness?

Theorem
The pull-back cocycles py ;7 are well-defined, the unitaries uq,+ lie in 24, and

p:Jz,/T(uthr) = Sf(Qvﬂ'pqu(um#)* Q TPay,1(Ugy,+)) = dim(Ho,+ )dgy g, -

Hence, the cocycles p*7, depending only on the sector [p] € [A], can be
completely separated by the family {uq,+ : ¢ € Rn}. In particular, they are
mutually inequivalent.
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Model Analysis

Conclusions for this model

» suitable family A of localised endomorphisms pq of A” and A-invariant
subalgebra 2 C (i, (A”) established
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Model Analysis

Conclusions for this model

» suitable family A of localised endomorphisms pq of A” and A-invariant
subalgebra 2 C (i, (A”) established

» associated spectral triple (2,1, Q) and JLO cocycle 7 € EC* ()
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Model Analysis

Conclusions for this model

» suitable family A of localised endomorphisms pq of A” and A-invariant
subalgebra 2 C (i, (A”) established

» associated spectral triple (2,1, Q) and JLO cocycle 7 € EC* ()

» even/odd pairing for d even/odd: family in Kp1(2() separating the
PTe,0 € EC®°(), for p € A

Robin Hillier-Universita di Roma “Tor Vergata”

Spectral Triples and an Inde ing for Super-Conformal Nets



Model Analysis

Conclusions for this model

» suitable family A of localised endomorphisms pq of A” and A-invariant
subalgebra 2 C (i, (A”) established

» associated spectral triple (2,1, Q) and JLO cocycle 7 € EC* ()

» even/odd pairing for d even/odd: family in Kp1(2() separating the
PTe,0 € EC®°(), for p € A

» odd (ungraded) pairing for d odd: family in K1(2l) separating the
pTo € EC°(RL), for p € A
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Generalisatiof

The General Index Pairing
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Generalisation

The recipe

Given a superconformal net 4 with a supersymmetric Ramond representation
(m, H,T) and supercharge Q = Gy .




Generalisation

The recipe

Given a superconformal net 4 with a supersymmetric Ramond representation
(m, H,T) and supercharge Q = Gy .

Definition
A PSL(2,R)-covariant locally normal positive energy endomorphism p of A”
localised in a certain interval | € 7 is called differentiably transportable if

7(z(p, g)) € dom(8), g € PSL(2,R)"™) small.

The set of such p is denoted by A, and A 1=, A
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Generalisation

The recipe

Given a superconformal net 4 with a supersymmetric Ramond representation
(m, H,T) and supercharge Q = Gy .

Definition

A PSL(2,R)-covariant locally normal positive energy endomorphism p of A”

localised in a certain interval | € 7 is called differentiably transportable if
7(z(p, g)) € dom(8), g € PSL(2,R)"™) small.

The set of such p is denoted by A, and A 1=, A

Definition
The A-invariant differentiable field algebra for A" is given by

Ap = {x e WN(A”) : (Vp € A) mo p(x) € dom(4)}

and Aa (/) :=Aa N A(/), and it becomes a Banach algebra with norm

- llea =111+ D2 118G o p()II-

[rl€lA]
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Generalisation

The general main consequence

Theorem
> If A7 satisfies the split property and dom(6) N w(AY(I)) is non-trivial,
then:

> The set of diff.-transportable endo’s A forms a local tensor C*-category,
> (A, H, Q) provides a non-trivial 0-summable spectral triple, whose
endomorphisms include A, and whose JLO cocycle T on A is well-defined.
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Generalisation

The general main consequence

Theorem
> If A7 satisfies the split property and dom(6) N w(AY(I)) is non-trivial,
then:

> The set of diff.-transportable endo’s A forms a local tensor C*-category,
> (A, H, Q) provides a non-trivial 0-summable spectral triple, whose
endomorphisms include A, and whose JLO cocycle T on A is well-defined.

> Suppose ‘H is graded. With some on the lowest energy space
and the existence of a certain projection po € 2 with nonvanishing index,
the family {p, = 0 *(po) : [0] € [A]} separates all sectors:

P 7(Ps) ~ a1, o]
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Conclusions

Conclusions

> Novel procedure: graded-local conformal net — suitable differentiably
transportable endomorphisms — (net of) 8-summable even/odd spectral
triples — even/odd entire cyclic JLO cocycles and pullback — even/odd
index pairing and explicit evaluation.




Conclusions

Conclusions

> Novel procedure: graded-local conformal net — suitable differentiably
transportable endomorphisms — (net of) 8-summable even/odd spectral
triples — even/odd entire cyclic JLO cocycles and pullback — even/odd
index pairing and explicit evaluation.

> Modest assumptions. Fulfilled by several models.




Conclusions

Conclusions

> Novel procedure: graded-local conformal net — suitable differentiably
transportable endomorphisms — (net of) 8-summable even/odd spectral
triples — even/odd entire cyclic JLO cocycles and pullback — even/odd
index pairing and explicit evaluation.

> Modest assumptions. Fulfilled by several models.

» Main difficulties: differentiable transportability, spectral projection with
nontrivial index, “nice” fusion rules.
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Conclusions

Conclusions

> Novel procedure: graded-local conformal net — suitable differentiably
transportable endomorphisms — (net of) 8-summable even/odd spectral
triples — even/odd entire cyclic JLO cocycles and pullback — even/odd
index pairing and explicit evaluation.

> Modest assumptions. Fulfilled by several models.

» Main difficulties: differentiable transportability, spectral projection with
nontrivial index, “nice” fusion rules.

» Future prospects...
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Suppose that either
> i”dp|w,rRH+(PIW7rR Qpw =)+ # 0 in which case p, := a_l(thﬂR), or
> there is e € A such that epw », € Ua is a projection and

indep\w .,\.R’H(eplw TR erlw 7TR) 7é 07

in which case p, := 07 (epw g ), OF
> there is a family {e, : 0 € A} such that ;0 (pwny) € A is a
projection and inda(eg)plwWRH(G'(eo-)plwwR Qo(es)pwrr) # 0, in which case

Po = eao'_l(plwrrR)-
If mr is the only representation of A with lowest energy lw 7, then the family
{ps : 0 € A} completely distinguishes all sectors in the sense that

P 7(Po) = o1, [p) INdpy, 1 7 (Pl QP ng), 05 p € A

If there is more than one sector with lowest energy Iw g, we have at least

0 slw(o) # lw(p)
p7(0 7 (@wngPwrg)) = & indp 2. (p.Qp)+ - [0] = 0] o,p€A.
undetermined : otherwise
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Superderivation and its domain

Proposition

Theorem
Let (7, H) be the lowest irreducible Ramond representation of A, and Q = G§
a supercharge with superderivation 6 on B(H). Then

salg{mi(W(f,))), m(F(F)(J(F)+i)™"): fe C°(S,RY),j € Ly etc} C dom(é).

Generated von Neumann algebra coincides with m;(A(l)), so
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Superderivation and its domain

Definition
A graded representation (7, H) is called supersymmetric if it admits an odd

square-root @ of Ly on H.

Proposition
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Superderivation and its domain

Proposition

> Neveu-Schwarz representations of A are never supersymmetric, but
Ramond representations are so.




Superderivation and its domain

Proposition
> Neveu-Schwarz representations of A are never supersymmetric, but
Ramond representations are so.

> Neveu-Schwarz (Ramond) unitary irreducible representations of A
correspond one-to-one to Neveu-Schwarz (Ramond) unitary irreducible
representations of the super-current algebra.
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Superderivation and its domain

Proposition

Theorem
Let (7, H) be the lowest irreducible Ramond representation of A, and Q = G§
a supercharge with superderivation 6 on B(H). Then

salg{mi(W(f,))), m(F(F)(J(F)+i)™"): fe C°(S,RY),j € Ly etc} C dom(é).

Generated von Neumann algebra coincides with m;(A(l)), so
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Construct smooth localised automorphisms of A: considering a differentiable
function ¢y : R — R such that ¢/(t 4+ 27) = ¢/(t) + 27 and ¢j;s\/) = 0, then

iJ(F) i eidaf) ol ()

pas € yj—e v, F(f)— F(f), q€Rwn
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Ad (2): Entire Cyclic Cohomology and JLO Cocycle
Suitable generalisation of de Rham cohomology to noncommutative
geometry is (entire) cyclic homology:
Definition
Letting (A, || - ||) be a Banach algebra, its entire cyclic complex
(EC«(A),0) = (EC.(A) ® EC,(A, D) is given by chains

a=(a")nen, € D en, APCr) g @y AlPCT2) satisfying the entireness
condition

ne N~ vnl|[a”||, bounded,
and with boundary operator 9 := b+ B:

n—1

b(ao ® ... ® an) ::Z(—l)k(ao ® ... ® (AAt1) ® ... ® ap)

k=0

+(=1)"((ana0) @ a1 ® ... ® ap_1),

n

Blao®...®a,) =Y (-1)"(1@a®..®a1).

k=0

Entire cyclic cocomplex defined dually. Induced (co-)homology.
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