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Aim

@ To introduce formal theory of integral complexes to
noncommutative geometry and formulate explicit Poincaré
duality.
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Hom-connections

Fix a differential graded algebra QA over an algebra A.

Definition
A hom-connection is a pair (M, V), where M is a right A-module
and V is a k-linear map

V : Homy(Q'A M) — M,
such that, for all a € A, f € Homx(Q'A, M),
V(f-a) = V(f)-a+ f(da),

where f-a € Homu(Q'A, M) is given by f-a: w — f(aw), and
d: Q*A — Q*t1Ais the differential.
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Flat hom-connections

Definition

Define V,, : Homa(Q"1A, M) — Homa(Q"A, M), by

Vn(f)(w) = V(f-w) + (—1)"f(dw), where, for all

f € Homa(Q"1A, M), the map f-w € Homa(Q"A, M) is given by
W' — f(ww'). The composite F = V o V1 is called the curvature
of (M, V).
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Flat hom-connections
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f € Homa(Q"1A, M), the map f-w € Homa(Q"A, M) is given by
W' — f(ww'). The composite F = V o V1 is called the curvature
of (M, V).

The curvature of a hom-connection is a right A-linear map.
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Flat hom-connections

Definition

Define V,, : Homa(Q"1A, M) — Homa(Q"A, M), by

Vn(f)(w) = V(f-w) + (—1)"f(dw), where, for all

f € Homa(Q"1A, M), the map f-w € Homa(Q"A, M) is given by
W' — f(ww'). The composite F = V o V1 is called the curvature
of (M, V).

The curvature of a hom-connection is a right A-linear map.

Definition

The hom-connection (M, V) is said to be flat provided its
curvature is equal to zero.
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Integral forms

If Vis flat, then VoV, 41 =0 (Vg = V).
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Integral forms

If Vis flat, then VoV, 41 =0 (Vg = V).

Definition

Given a flat hom-connection (A, V), the corresponding complex
(3"(A) := Homux(Q"1A, A), V,) is called a complex of integral
forms.

The cokernel map A : A — cokerV is called a V-integral.
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Classical interpretation

Take a smooth manifold X and a smooth vector bundle E over
X. The sections of any vector bundle over X are a (right)
module over the algebra of smooth functions C>°(X). By the
Serre-Swan theorem,

Homgeo(x)(M(T*X), M (E)) >~ Vectx(T" X, E).

Vectx(T*X, E) is a (right) C>°(X)-module with the fibrewise
product (Vectx(T*X, E) can be identified with the module of
sections on the hom-bundle Hom(7* X, E) over X). With this
identification, a hom-connection (I'(E), V) corresponds to a
map

V : Vectx(T*X,E) — T'(E),

such that, for all ¢ € Vectx(T*X, E) and f € C*(X),
V(pf) =V(p)f + ¢ odf.

Manin calls such maps right connections.
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Classical interpretation

For a smooth compact oriented manifold:
@ (canonical) integral forms exist (can be constructed
locally);
@ the integral coincides with the standard integration over the
volume form;
@ the complex of integral forms is isomorphic to the de Rham
complex (Poincaré duality).
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Basic questions

For a non-commutative algebra A, one should ask:
@ When do hom-connections exist?
@ How to construct hom-connections and integral forms?
@ When and if does the Poincaré duality hold?
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Existence

An A-module M admits a hom-connection with respect to the
universal dga if and only if M is injective.
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Existence

An A-module M admits a hom-connection with respect to the
universal dga if and only if M is injective.

Any injective A-module admits a hom-conection with respect to
any dga.
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Twisted multi-derivations

Definition

A right twisted multi-derivation in A is a pair (9, c), where
o : A— Mp(A) is an algebra homomorphismand 9 : A — A" is
a k-linear map such that, for all a € A, b € B,

d(ab) = d(a)a(b) + ad(b).

Tomasz Brzezinhski Non-commutative integral forms



Free twisted multi-derivations

View o : A — Mjy(A) as an element of M,(Endk(A)). Write e for
the product in M,(Endg(A)).

Definition
We say that (0, o) is free, provided there exist algebra maps
g:A— My(A)and & : A— M,(A) such that

5060 =1L o7 e

I,

Qi
I

geag' =1, e

I.

(S}
I
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Free twisted multi-derivations

View o : A — Mjy(A) as an element of M,(Endk(A)). Write e for
the product in M,(Endg(A)).

Definition
We say that (0, o) is free, provided there exist algebra maps
g:A— My(A)and & : A— M,(A) such that
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o triangular, with invertible diagonal entries (in M,(Endk(A))).
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Construction of Q'A

o QA= A"
a free left A-module ;_; Aw; with basis wy, ..., w, and
right A-action given by

w,-a:Za,-j(a)wj, i=1,2,...,n.
i
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Construction of Q'A

o QA= A"
a free left A-module ;_; Aw; with basis wy, ..., w, and
right A-action given by

w,-a:Za,-j(a)wj, i=1,2,...,n.
i

@ da= Z,-E),-(a)w,-.
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Construction of V

Theorem

Let(0,0;5,5), be a free right twisted multi-derivation on A, and
let Q'A be the associated first order differential calculus with
generators w;. Let &; € 31(A) be given by &i(wj) = &,
i,j=1,2,...,n. Then there exists a unique hom-connection

V : 3'(a) — A such that

V(f,) = 07

foralli=1,2,...,n.
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Construction of V

Theorem

Let(0,0;5,5), be a free right twisted multi-derivation on A, and
let Q'A be the associated first order differential calculus with
generators w;. Let &; € 31(A) be given by &i(wj) = &,
i,j=1,2,...,n. Then there exists a unique hom-connection

V : 3'(a) — A such that

V(f,) = 07

foralli=1,2,...,n.

Proof. Write 07 := Zj,k Okj 0 0j o 6k Then

V : Homa(Q'A, A) — A, fi 267 (f (wi)) - O
i
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Example: matrix algebra

Derivation based calculus, the toy model [Dubois-Violette,
Kerner, Madore "90]:
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Example: matrix algebra

Derivation based calculus, the toy model [Dubois-Violette,
Kerner, Madore "90]:

@ A= M,(C).
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Example: matrix algebra

Derivation based calculus, the toy model [Dubois-Violette,
Kerner, Madore "90]:

@ Take derivations on A and identify them with s/(n, C), by

%,(a) = Z[E/, a].
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Example: matrix algebra

Derivation based calculus, the toy model [Dubois-Violette,
Kerner, Madore "90]:

@ Take derivations on A and identify them with s/(n, C), by

%,(a) = Z[E/, a].

@ Define Q™A as k-multilinear antisymmetric maps

sl(n,C)™ — Mj,(C).
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Example: matrix algebra

Derivation based calculus, the toy model [Dubois-Violette,
Kerner, Madore "90]:

@ Take derivations on A and identify them with s/(n, C), by

%,(a) = Z[E/, a].

@ Define Q™A as k-multilinear antisymmetric maps

sl(n,C)™ — Mj,(C).

@ The differential is given by the Koszul formula, in particular
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Example: matrix algebra

@ s/(n,C) is finite dimensional, hence can identify
3'(My(C)) = Homa(Q'A, A) == si(n, C) ® My(C),

and

\Y% (Z X® a,) = Z %,(a/) = Z Z[E/, a,].
/

/ /
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Example: matrix algebra

@ s/(n,C) is finite dimensional, hence can identify
3'(My(C)) = Homa(Q'A, A) == si(n, C) ® My(C),

and
\Y% (Z X® a,) = Z %,(a/) = Z Z[E/, a,].
/ / I

@ V is flat, hence we have a complex of integral forms.
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Example: matrix algebra

@ s/(n,C) is finite dimensional, hence can identify
3'(My(C)) = Homa(Q'A, A) == si(n, C) ® My(C),

and
\Y% (Z X® a,) = Z %,(a/) = Z Z[E/, a,].
/ / I

@ V is flat, hence we have a complex of integral forms.
@ Im(V) = sl/(n,C), hence coker(V) = C, and

Aa)=A ((a - lTr(a)) + lTr(a)) = %Tr(a).
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Example: matrix algebra

@ s/(n,C) is finite dimensional, hence can identify
3'(My(C)) = Homa(Q'A, A) == si(n, C) ® My(C),

and
\Y% (Z X® a,) = Z %,(a/) = Z Z[E/, a,].
/ / I

@ V is flat, hence we have a complex of integral forms.
@ Im(V) = sl/(n,C), hence coker(V) = C, and

Aa)=A ((a - lTr(a)) + lTr(a)) = %Tr(a).

@ Poincaré duality holds.
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Example: quantum groups

@ Take Ato be a Hopf algebra with a bijective antipode.
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Example: quantum groups

@ Take Ato be a Hopf algebra with a bijective antipode.

@ Any left covariant differential calculus comes from twisted
multiderivations (Woronowicz).
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Example: quantum groups

@ Take Ato be a Hopf algebra with a bijective antipode.

@ Any left covariant differential calculus comes from twisted
multiderivations (Woronowicz).

@ Any left covariant differential calculus comes from free
twisted multiderivations. Hence V exists.
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Example: quantum groups

@ Take Ato be a Hopf algebra with a bijective antipode.

@ Any left covariant differential calculus comes from twisted
multiderivations (Woronowicz).

@ Any left covariant differential calculus comes from free
twisted multiderivations. Hence V exists.

@ If there is a right integral (Haar measure) h on A, then

A A coker(V)

- Jle

>
<
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Example: quantum groups

@ Take Ato be a Hopf algebra with a bijective antipode.

@ Any left covariant differential calculus comes from twisted
multiderivations (Woronowicz).

@ Any left covariant differential calculus comes from free
twisted multiderivations. Hence V exists.

@ If there is a right integral (Haar measure) h on A, then

v A A coker(V)

£

k.

3(A)

Can be extended to quantum principal bundles (principal
comodule algebras).
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Example: SU,(2)

In case A = SUq4(2) with 3D calculus:
@ Vis flat.
e A=h.
@ Poincaré duality holds.
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Example: SU,(2)

In case A = SUq4(2) with 3D calculus:
@ Vis flat.
e A=h.
@ Poincaré duality holds.

The same is true about the quantum Podle$ sphere Sf, (seen
as a base of the quantum Hopf fibration).

Tomasz Brzezinhski Non-commutative integral forms



Example: SU,(2)

In case A = SUq4(2) with 3D calculus:
@ Vis flat.
e A=h.
@ Poincaré duality holds.

The same is true about the quantum Podle$ sphere Sf, (seen
as a base of the quantum Hopf fibration).

Other examples include Eg4(2) (contraction of SUqg(2)), CZ.
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