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Abstract

We use a covariant phase space formalism to give a general prescription
for defining Hamiltonian generators of bosonic and fermionic symmetries in
diffeomorphism invariant theories, such as supergravities. A simple and general
criterion is derived for a choice of boundary condition to lead to conserved
generators of the symmetries on the phase space. In particular, this provides
a criterion for the preservation of supersymmetries. For bosonic symmetries
corresponding to diffeomorphisms, our prescription coincides with the method
of Wald et al.

We then illustrate these methods in the case of certain supergravity theories
in d = 4. In minimal AdS supergravity, boundary conditions such that the su-
percharges exist as Hamiltonian generators of supersymmetry transformations
are unique within the usual framework in which the boundary metric is fixed.
In extended NV = 4 AdS supergravity, or more generally in the presence of
chiral matter superfields, we find that there exist many boundary conditions
preserving N/ = 1 supersymmetry for which corresponding generators exist.
These choices are shown to correspond to a choice of certain arbitrary bound-
ary “superpotentials,” for suitably defined “boundary superfields.” We also
derive corresponding formulae for the conserved bosonic charges, such as en-
ergy, in those theories, and we argue that energy is always positive, for any
supersymmetry-preserving boundary conditions. We finally comment on the
relevance and interpretation of our results within the AdS-CFT correspondence.
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1 Introduction

In a classical system defined by a Hamiltonian or Lagrangian, there typically exists
a constant of the motion for any symmetry of the system. Furthermore, any such
conserved quantity generates the action of the symmetry on the phase space of the
theory. While this result is simple and straightforward to derive for mechanical sys-
tems with a finite number of degrees of freedom, the situation can be considerably
more complicated in field theories. This is in particular the case for field theories on
manifolds with asymptotic regions or boundaries, where the existence and form of
the conserved quantities will in general depend in a subtle way on the precise choice
of the phase space of the theory, i.e., the asymptotic or boundary conditions that one
chooses to impose upon the fields.

Of particular interest in theoretical physics are theories with local gauge invari-
ance, such as diffeomorphism invariance, Yang-Mills type gauge invariance, or local
supersymmetry. For theories with diffeomorphism invariance, a general analysis of
the existence of conserved quantities within a “covariant phase space framework” was
given by Wald et al. [T 2], 3, 4], (see also [B, [0, [7]). In these works, a general criterion
was derived stating when a given boundary or asymptotic condition on the fields al-
lows the existence of conserved charges generating asymptotic spacetime symmetries.
These ideas were applied e.g. in [8] to derive formulae for the Bondi energy in higher
dimensional general relativity with asymptotically flat asymptotic conditions, and
in [9, 10} 1T, 12] to derive expressions for bosonic conserved charges (such as energy)
in gravity theories with asymptotically AdS boundary conditions.

In this paper, we generalize the analysis of Wald et al. to charges of fermionic
type. Our first result is a general criterion for when a given boundary or asymp-
totic condition on the fields permits the definition of conserved asymptotic charges
conjugate to a fermionic asymptotic symmetry. That condition is analogous to the
one for bosonic symmetries and can be simply stated as follows: (1) The symplectic
flux through the boundary (or at infinity) has to vanish under the imposed boundary
(or asymptotic) conditions. (2) The boundary (or asymptotic) conditions must be
invariant under the asymptotic symmetry.

We then apply this general formalism to supergravity theories with a negative cos-
mological constant, for which asymptotically AdS boundary conditions are possible.
Our first example is minimal A" = 1 supergravity [13]. Within the usual framework
where the boundary metric is held fixed, we show that there exists a unique bound-
ary condition on the metric and the spin-3/2 field so that conditions (1) and (2) are
satisfied for local supersymmetry transformations. We also derive the expression for
the corresponding supercharge, which is found to agree with an expression derived
earlier by a somewhat different method [14].

Next, we investigate extended N = 4 supergravity [15] in a scalar reduction [16] in
which, besides the gravity multiplet, only the scalar multiplet is kept. The scalar fields



have a mass m? = —2, which is within the Breitenlohner-Freedman range [17,[18]. The

reduced theory has a local N' = 1 invariance, and we investigate possible boundary
conditions such that there exist corresponding Hamiltonian generators for the N' =1
supersymmetry transformations. Here, we find that there is a 1-parameter family
of boundary conditions on the fields in the gravity and scalar multiplets such that
(1) and (2) are satisfied. Therefore, conserved generators exist for those boundary
conditions. The boundary conditions found by [I7] correspond to 2 particular extreme
values of the parameter. We also investigate boundary conditions preserving only
a 2-dimensional subspace of the fermionic N' = 1 symmetry generating asymptotic
Poincare transformations in the “Poincare compactification” of AdS-spacetime. Here,
we find that there exist additional boundary conditions satisfying (1) and (2). These
boundary conditions can be formulated as a “supersymmetric Lagrange submanifold
condition,” in terms of an arbitrarily chosen “boundary superpotential” of suitably
defined “boundary superfields,” which in turn are built from the asymptotic values of
the fields in the scalar multiplet (in a somewhat non-obvious way). These boundary
conditions preserve an O(2,1) x R? of the standard O(3,2) bosonic symmetry group.

Finally, we construct the explicit expressions for the bosonic and fermionic con-
served charges in the scalar reduction of the NV = 4 extended supergravity theory.
We find that the expression for the bosonic charges contains a piece that is a surface
integral at infinity of the electric Weyl tensor, as well as an extra piece involving the
fields in the scalar multiplet. In the case of O(2,1) x R? invariant boundary condi-
tions, the extra piece involves the boundary superpotential of the fields in the scalar
multiplet. In the special case of the boundary conditions found by Breitenlohner and
Freedman [17], only the Weyl piece remains.

Our results have the following standard interpretation in the context of the AdS/CFT-
correspondence [19, 20, 21], 22]. In the N = 4-theory, changing the boundary con-
ditions corresponds to adding a term to the action of the boundary quantum field
theory. Since our boundary conditions are formulated in terms of a supersymmetric
Lagrange submanifold condition, the additional piece is given precisely [23] 24] 25]
by the boundary superpotential of the boundary fields corresponding to the scalar
multiplet. Such deformations of AdS/CFEFT have been of significant interest, see e.g.,
[26], 27, 28].

2 General definition of fermionic charges

Assume we are given a Lagrange density L, (viewed as a d-form) on a d-dimensional
manifold M. We assume that L depends on a metric g,,, tensor fields ¢,, ,,, gauge
fields A, and mixed spinor-tensor fields Q/JAl"'A‘I,,l___,,p. We shall abbreviate the collec-
tion of all dynamical fields by

¢ = (guw (bm,uz...,uka A,uv ¢A1A2“'Aqu1u2...up) : (2‘1)



To define spinors we assume that a spin structure exists and that one has been chosen
as part of the definition of the theory. In quantum field theory, by the spin-statistics
theorem, fields of half odd integer spin must be anticommuting, while fields of integer
spin must be commuting. But in classical field theories, there is a choice to be made
whether one wants to view the spinor fields as commuting or anti-commuting, and
there does not appear to be a good physical justification for either choice. However,
studies of the initial value problem in supergravity theory [29, B0] show that such
a theory possess a well-posed initial value formulation if spinors are taken to anti-
commute, while difficulties seem to arise if one assumes them to be commuting. We
shall therefore assume this in our paper, too, i.e., half odd integer spin fields are
taken as anti-commuting and integer spin fields are taken to commute. Concretely,
this may e.g. be implemented [31] by taking the fields to be valued in an exterior
coefficient algebra A = Ext(V'), where V' is an auxiliary infinite dimensional vector
space, tensored with the appropriate vector bundles corresponding to the vector or
spinor nature of the field. From this perspective, a field is then a formal power series

[e.e]

O(z) = > vim®)(), (2.2)

n=0

where v(,) is an n-th exterior power in A. Furthermore, it is understood that a
half odd integer field component of ® only contains terms with odd n in the series,
while a field with integer spin only contains terms with even n. As shown in [29] [30]
for N' = 1 supergravity, solutions to the field equations then exist as formal power
series in this algebra. The first term @) is the zeroth order metric, which is seen
to satisfy the Einstein equation with all spinors set to 0. Because A = A, & A_
may be decomposed into even (bosonic) and odd (fermionic) elements, we have a
corresponding decomposition of field quantities.

We assume that L is commuting and does not depend on any non-dynamical
background fields, or equivalently, that L is fully diffeomorphism covariant, in the
sense thatll

FL(®) = L(f°®) (2.3)

for any diffeo f on M. On the space of (smooth) fields, we will consider various
operations. Given a functional I’ on the space of fields and a smooth 1-parameter
family ®; in the space of fields with &, = ®, we denote by

5E(@) = S F(@) | ( | 5o ij)) F(®) (2.4)

I'Note that it does not make to speak about the pull back of a spinor field separately. But it
makes sense if we also pull back simultaneously the metric and corresponding spinor bundles with
the diffeomorphism. This is what is meant in this formula, and similar other formulae below.



the variational derivative, along the “vector field” 6 = %Cl)t lt=o on field spac. We
also define the commutator
d2

[517 52](1) = dtds[(q)t)s - ((I)s>t] ‘t:s:O . (25)

For example, if f; is a 1-parameter family of diffeomorphisms on M generated by a
vector field X, and @, = f;®, then

50 = Lx® (2.6)

and the commutator [d1, d3] of variations associated with two vector fields X7, X5 is
given by the vector field (on field space) £ix, x,®, i.e., the variation associated with
the commutator of the spacetime vector fields.

The variation of L can always be written in the form

SL(®) = E(D)6D + dO(d, 5D) (2.7)

where E are the equations of motion (“Euler-Lagrange equations”), and where 6 is
the (d — 1)-form corresponding to the boundary term that would be obtained if the
variation of L were done under an integral. The (dual) symplectic current of the
theory w is defined as the second anti-symmetrized variation

UJ(@, 51(13, 52@) = 510((13, 52@) — 529(@, 51@) — 9(@, [51, 52](13) . (28)

It is a simple consequence of the above definitions that, if the fields ® are solutions to
the equations of motion, and the variations 6; ® and d,P are solutions to the linearized
equations of motion, then w is closed, dw = 0. Given a d— 1-dimensional submanifold
Y3 of M, one defines the associated symplectic form by

05(P; 019, 0,P) = }{1{1‘11/1/ w(P; 6P, :9), (2.9)
K

where K is an increasing sequence of compact subsets of ¥ whose union is ». If ¥ is
not compact, suitable boundary conditions have to imposed on the fields in order to
ensure that the symplectic form is finite. One might also have to impose restrictions
on the possible way of choosing the sequence of compact sets K to ensure that the
limit is unique. If oy converges, then it is independent under compact cobordant
variations of the surface ¥ in the sense that, if K is a compact subset of M such that
OK = ¥, U(—Xs), then o1 = 09 for “on-shell variations”, i.e., 0;® and 6P satisfying
the linearized equations of motion and boundary conditions. Note, however, that this

2In the integral, we mean the “left” variational derivative when anticommuting quantities are
involved.



need not be the case for non-compact cobordisms. In that case, the independence
of oy, from the slice delicately depends on the asymptotic conditions imposed on the
fields. For example, it fails in general relativity when >, 35 are asymptotically null
surfaces asymptoting to different “cross sections” at infinity, which is the situation
considered in the context of asymptotically flat spaces at null infinity.

A diffeomorphism preserving the boundary conditions is called an “asymptotic
symmetry”. Since diffeomorphisms leave the Lagrangian invariant, one may ask
whether one can define “conserved charges” in the phase space of the theory corre-
sponding to the asymptotic symmetries. They should be defined as the Hamiltonian
generators conjugate to a symmetry variation vector field 0® = £x®, i.e., they should
satisfy

Hx = 0x(6P, £xP) = / w(P,6P, LxP) V0P on shell. (2.10)

)
The existence of the Hx is not automatically guaranteed by the diffeomorphism
invariance of the Lagrangian, but depends on the precise choice of the boundary
conditions and of ¥ in a subtle way. To analyze the question of existence, consider
(following [2, (1, [4]) the consistency relation resulting from the fact that the second
anti-symmetrized second variation of any quantity should vanish, so we should have

(51(527'{)() - 52(51HX) - [(51, 52]HX =0 for all (51, (52. (211)

Here, the last term takes into account the possibility of having non-commuting vari-
ations; it vanishes when dy, d; are commuting variations (e.g., corresponding to shifts
of the phase space coordinates). As a consequence of eq. (2.8), we have the relation

0 = 61(41(@, 62@, 53(13) + 52(4)(@, 53@, 51(13) + 53&)(@, 51@, 52(13)
+ (-U((I), (51(1), [(52, 53](1)) + (-U((I), (52(1), [(53, (51](1)) + (AJ((I), (53(1), [51, (52](1)) . (212)

Using this with d3® = £x®, one finds that the consistency condition (ZIT]) can be
expressed as

0 = / £XW(®,51(I),52(1>) (213)
)

0%

In the second line, we have used Stokes theorem, together with the the standard
differential forms identity £xw = d(X - w) + X - dw, and the fact that w is closed
on shell. The notation “0%X” indicates any interior actual boundaries, as well as

possibly a boundary at “infinity”. In the examples below, we will attach such a
boundary OM = T to our spacetime manifold, and ¥ will be a (d — 1)-dimensional



submanifold which meets Z in a cross section, C. A sufficient condition for the
consistency condition to hold is that

X wlox=0. (2.15)

The vector fields X for which the above manipulations are expected to give conserved
charges are those vector fields whose asymptotic values at conformal infinity leave the
boundary conditions imposed upon the fields ® invariant. Typically, the restrictions
of those vector fields to the boundary span the tangent space of Z. Thus, a sufficient
condition for the consistency condition (2.I1]) to hold is that

w [7=0. (2.16)

Whether this condition holds depends on both (a) the Lagrangian and (b) the pre-
cise form of the boundary conditions. We will analyze this issue in some example
theories below. When eq. (2Z11) does hold, the conserved charges can be obtained
from eq. (210) as follows. Choose any path ®; of solutions from a canonically fixed
reference solution ®j to & = ®;. Define

Hx (D) = Hx (Do) + / 15HX(<I>t) dt . (2.17)

where 09 is the vector field along the path, and where Hx (®y) is defined arbitrarily.
Then it follows from the consistency condition (2I1]) that the definition of Hy is
unchanged under smooth deformation of the path, i.e., it only depends (possibly) on
the homotopy class of the path in the space of solutions of the theory. Whence, if this
space is for example simply connected, then the definition of Hx is unique. On the
other hand, if it is not simply connected, the Hx might be multi-valued and might
consequently be defined only on the covering space of the covariant phase space.

Furthermore, if eq. (ZI0) holds (implying (ZI1])), then Hx will automatically
be independent of the choice of the surface X, i.e., the cut C = 9% where X hits
the boundary. This follows straightforwardly from Stokes theorem, and the fact that
dw = 0 on shell.

As we now describe in some detail, these considerations admit a more or less
straightforward generalization to symmetries parametrized by arbitrary tensor fields.
Let us assume that there exists a symmetry s, of the Lagrangian L for each choice
of some spinor or tensor field 7. In other words, assume that for each n there exists
a vector field s, ® on field space such that

s,L(®) = dB,(®), (2.18)

where B, is a (d — 1)-form that is locally constructed out of the fields and n. This
includes in particular the case of infinitesimal diffeomorphism invariance, where 7



is simply given by a vector field n = X*0,, and where sx® = £Lx®, and Bx =
X - L. More generally, it covers e.g. local gauge transformations, and common
fermionic symmetries such as supersymmetry. The precise form of the symmetry is
unimportant for our present discussion. For definiteness, let us assume that 7 is an
(anti-commuting) spinor field; this is the case for supersymmetry, which is the context
of primary interest in this paper.

We would like to define corresponding Hamiltonian generators in the phase space
of the theory by

OH, = / w(P, 6P, s,P). (2.19)
s

(Recall that, by the general definition, the symmetry variation of a functional F' on
field space is given by s,F(®) = £F(® + ts,®)|,—0). To see whether the generator
exists, we must analyze the consistency of this equation in the same fashion as we
did above for diffeomorphisms, by taking a second antisymmetrized variation, see
eq. (2I0I). We now get the consistency condition

0= /Z S [w(q>,51q>,52q>)], (2.20)

for all solutions @, and all on-shell variations. Here s, is defined to act on variations
0P as the linearized symmetry transformation, i.e. the transformation on the tangent
space of field space induced by s,. Since dw = 0 it follows that

0=a{s|w@s0.00) | (221)

for all . By the fundamental lemma of the calculus of variationd] [32] it consequently
follows that there exists a (d — 2)-form Y, such that

Sn {W(@,élq),(sgq))] = dYn(®,51¢,52®) . (222)

Therefore, by Stokes theorem, a sufficient condition for the consistency of eq. (220
is that
0= Y,. (2.23)
%
This condition is automatically satisfied if

Y, 7=0. (2.24)

3Fundamental Lemma (see e.g., [32]): Let a[t)] be a p-form on an n-dimensional manifold M,
with p < n, depending on a set of fields 1 on M, such that daf¢] = 0 for all ¥, and such that « =0
when the non-dynamical fields in ¢ vanish. Then «f¢] = dB[y] for some globally defined form g.
Note that it is crucial that the relation dafy] = 0 holds for all ¢. Otherwise, one can only infer the
existence of 3 locally, but possibly not globally if the topology of M is non-trivial.



Thus, if this equation holds (and in particular, if the boundary conditions are such
that Y, is actually finite at 7), then charges H,, will exist, and will be conserved, i.e.,
do not depend on the particular surface ¥ chosen in the definition.

A sufficient condition for | o Yy I7= 0 can be derived as follows. First, assume
that the boundary conditions are such that the consistency condition w [7= 0 holds,
which, as we showed above, is a sufficient condition for the bosonic asymptotic symme-
tries to exist. Now, suppose that the n-variations leave the symplectic form invariant
on Z. Then by [222) dY, [ Z = 0. Consequently, the integral fc Y, (;6,9,6,P)
does not depend upon the cut C' at Z. Consider now perturbations 6@ in this expres-
sion which are compactly supported on the particular slice X2, i.e., that vanish on the
particular cut C' = 0X. Then the integral vanishes for that cut, and hence for any
cut. Thus, the consistency condition is fulfilled for any variation for which the “ini-
tial data” on ¥ has compact support. In contexts with timelike conformal boundary
(such as asymptotically AdS spacetimes), this implies that this integral vanishes for
arbitrary perturbations (satisfying the linearized form of the boundary conditions).
Thus, in this situation it follows that the charges H, will exist and will be conserved

if

1. The pull back of the symplectic form w [z to Z vanishes identically under the
assumed boundary conditions.

2. The symmetry leaves the boundary conditions invariant in the sense that if is a
field configuration ® satisfying the boundary conditions, then s,® satisfies the
linearized boundary conditions.

It is a general feature of symmetries s, parametrized by an arbitrary tensor or
spinor field 7 (such as infinitesimal diffeomorphisms, gauge symmetries, or supersym-
metry transformations) that the generating conserved charges can be expressed in
terms of surface integrals at infinity. In the present formalism, one may derive this
fact by generalizing the argument given by Wald et al. [2, [ (1, [4] for diffeomorphisms.

As with diffeomorphisms, the starting point is the Noether current, defined by

J,(®) =0(®,5,2) - B,,. (2.25)
On shell (i.e., when the equations of motion hold), this current is conserved,
dJ, =dé(¢,s,®) —dB, =s,L—-dB, —E -5, =0. (2.26)

By the “fundamental lemma”, since this is true for all n, it follows that there exists
a (d — 2)-form, Q,,, which is locally constructed out of the fields, such that

dQ, = 7J,. (2.27)



10

We refer to Q,, as the “fermionic” Noether charge. The integrand of eq. (2.I9) may
then be written as

w(®, 6D, 5,®) = 5dQ, () + 5B, (D) — 5,{0(P, 6D)} | (2.28)

where the symmetry variation in the last expressions acts on 0® by the linearized
symmetry transformations. Since s,® is a solution to the linearized equations of
motion, we have dw(®,d®,s,®) = 0, so by the fundamental Lemma of variations
w(P, P, s5,P) is exact, and there is a (d — 2)-form A, (P, JP) such that

dA, (@, 50) = 5,{0(D,6D)} — 6B, (D), (2.29)

for any solution ® to the equations of motion, and any solution d® to the linearized
equations. Therefore, we have

oH, = / (00, -4,). (2.30)

thus expressing 0H, as a boundary integral as promised. For “off shell” variations
d®, 0H, is not in general a boundary integral, but one can show (see Appendix) that
it can always be written as the above boundary integral plus an integral over ¥ of
suitably defined constraints associated with the symmetry s,,.
The consistency requirement 0y (doH,)) —62(61H,;) — [01, 62)H,, = 0 is now equivalent
to
0= (SlAn((I), 52(1)) — (52A77((I), 51(1)) + Aﬁ(q)7 [(51, 52](1)) on 0% (231)

for all variations 6, ®, 6o ® satisfying the linearized equations of motion. Whether this
condition holds again depends on the theory under consideration, and on the choice
of the boundary conditions. Assuming that the consistency condition (2:3T]) holds,
the equation for d’H,, can be integrated as above in the case of “bosonic” symmetries
X, and, eq. (2.30), H, is expressed by a boundary integral on shell. An off-shell
expression for H,, is given in the appendix [see eq. (A.I79)], where also various issues
related to the uniqueness and gauge invariance of H,, are discussed in detail.

Let us now consider the special case of bosonic symmetries associated with in-
finitesimal diffeomorphisms, sx® = £x®, with X a suitable vector field so that we
may show explicitly that the above procedure reduces to the “covariant phase space
method” of Wald et al. In that case, because

sxL=£yL=d(X L)+ X -dL=d(X-L), (2.32)

we have By = X - L. On shell, we therefore have 0Bx = X - 0L = X - d@, and thus,
from the defining relation for A x, we get

Ay=X-90. (2.33)
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On shell, we therefore have

SHy = / 5Qx— X -6 (2.34)
C

for symmetries associated with infinitesimal diffeomorphisms. This is the formula
derived by Wald et al. [2, [3, [4].

3 N =1 minimal Sugra with cosmological constant

We now illustrate the above algorithm in the example theory of N'= 1 supergravity
with a negative cosmological constant [13] (treated also in the paper of Henneaux and
Teitelboim [I4] using a different technique). The dynamical fields in this theory are
a metric and an anti-commuting spin-(3/2) Majorana field,

Q= (g, Vu) - (3.35)

The Lagrange 4-form is given by
L= ERHW"@ I'v,D 302 1 Loy 3.36
~ |3 MM Y u¢p+ _'_2 VY ¢p €, ( )

where € = €5, is the volume 4-form determined by the metric, and where

I = (i/4)e" 7707, (3.37)
is the analogue of 75 in curved spacetime. The derivative operator D, is defined by

?

D,=V
H N+8

VY (Covitbp + VuYotbpy — Yupto) s (3.38)

where V,, = 0, + C,(¢g) is the spin connection of the metric. The quantity R is the
scalar curvature formed from the curvature 2-form of D,,,

R,uz/ = [Dl“ Dy] (339)

and ¢ is a constant.

When the spinor field is zero, the Lagrangian has the standard form of the Einstein
action, with a negative cosmological constant A = —3¢2. Exact AdS spacetime with
topology R3 x R and line element

dsg = —(1+ € /r*)dt* + (14 2 /r*) "' dr® + r*(d6” + sin® 6 dp?) (3.40)

is an exact solution of this theory, and it appears reasonable to demand as a boundary
condition that the metric of a general solution should asymptotically approach that
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of exact AdS for large distances. A convenient and elegant framework for formulating
this requirement is that of conformal infinity. This is motivated by the fact that the
AdS metric can be written as

2

ds? = P

dO? — (14 Q2/2)dt? + (1 — Q2/2)(d6* + sin® 0 dy?) | = Q72d52  (3.41)
where ) is related to r by a simple coordinate transformation satisfying Q ~ = for
large 7. Thus, the AdS metric is conformally related to the “unphysical metric” ds2.
The point is now that the unphysical metric can be smoothly extended to a manifold
with boundary M = M U Z, where the infinity M = 7 = R x S? is represented
by the points labelled by €2 = 0. The metric induced on Z is that of the Einstein
static universe (ESU), £2[—dt? + d#? + sin? § dp?]. This motivates one to impose the
following asymptotically AdS boundary conditions on the metric:

Boundary conditions on g,,:

1. One can attach a boundary 7 = S? x R to the spacetime manifold M in such a
way that M = M UZ is a manifold with boundary. 7 is called the “conformal
infinity”, or scri.

2. On M, there is a smooth field Q, with the properties that  is a defining function
for Z (i.e., vanishes there and has non-vanishing gradient), and such that

G = Vg, (3.42)

is smooth at scri. If .
= 01g" VL. (3.43)

then we impose that n# is a unit normal to the boundary Z of the unphysical
spacetime (M, Guv), and we impose that the induced metric on Z is isometric to
that of the Einstein static universe R x S?. We further i 1mpose that the extrinsic
curvature of Z, KW =V (unwy = 0 at Z, and that 1K w 1s smooth. These
conditions are equivalent to demanding that

62

ds* = 7 dO? — dt? + d6? +sin® 0 dp* | + O(Q7) (3.44)

Here, the notation ¢, , = O(2%) for a tensor field means that Q7%¢,, , can
be extended to a smooth tensor field tW L on M.

As we will see below, Einstein’s equations imply more stringent constraints upon the
asymptotic form of the metric in addition to the above boundary conditions. From
now on, we will set

(=1, (3.45)
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An asymptotic (bosonic) symmetry is a diffeomorphism f having the property that
f*ds? satisfies our asymptotic conditions whenever the metric ds? does. Evidently, if
f acts like a conformal isometry on the ESU with conformal factor k%, then we may
change € to k€2, and the unphysical metric d3? associated with that new conformal
factor will satisfy our asymptotic conditions. Thus, the group of asymptotic symme-
tries contains the conformal isometry group O(3,2) of the Einstein static universe. It
is customary to consider as the true physical symmetry group the group of all diffeos
f as described above, factored by the the group of “pure gauge” transformations,
which is the group of all f leaving Z pointwise fixed. With this definition, the group
of asymptotic symmetries is isomorphic to O(3,2).

Since we are in d = 4 dimensions, one may also impose boundary conditions
[18] which have slower fall-off near Z. However, AdS/CFT arguments [33] 34, [35]
suggest that such boundary conditions are related to “dual” gravitational theories
in spacetimes with compact Cauchy surfaces. As a result, we expect that with such
slower fall-off boundary conditions all asymptotic symmetries will be gauge. This
result is also suggested by the analysis of [36]. In particular, we expect that such
boundary conditions will not lead to interesting conserved charges@, and we will not
consider them.

The Lagrangian L is diffeomorphism invariant. It is also invariant under super-
symmetry transformations of the form

S = —200Y () (3.46)
1
Spu = <Du + 5%) n; (3.47)

in the sense that s,L = dB,, for some 3-form B,, for any Majorana field . We
would like to construct corresponding generators H, on the covariant phase space.
According to the general recipe presented in the previous section, the existence of
such generators will follow if we impose boundary conditions on the fields (g,., %)
such that (1) and (2) hold. We have already chosen boundary conditions for the
metric g,,, but we have as yet not chosen any boundary conditions on the spinor
fields v,. We will now choose them in such a way that (1) and (2) are satisfied.
Condition (1) requires us to know the symplectic current of the theory. It is given
by
Wwo = €uvop *W’, (3.48)

4For d = 4,5,6, it is possible [I8] to introduce a further class of boundary conditions (termed
‘hybrid boundary conditions’ in [35] by introducing a preferred direction field on Z. Since this
preferred direction field will break supersymmetry, we will not explore such boundary conditions
here.
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where
*wht = Paﬁvrau[(;lgaﬁgzcwa — (1 s 2)]
_ 1 _
+ P[00l Y020, + 50195 balyr009py — (1 = 2], (3.49)

and where ] ] 1

Paﬁfchr,u _ _iga,@gm-g,ucr + iga,ugfwgﬁo + §ga“/g,37'g,ucr ) (350>
In these formulae, 6C),, is a shorthand for

i - _ _
6C,ulxo = 5C'Wo(g) - 55(¢u7u¢0 + ¢u7v¢o - %%%) (3’51>

where V,, = 0, + C,(g) is the spin connection of g,,.

It can be seen that the boundary conditions imposed upon g, imply that the
bosonic contribution to the symplectic form is finite at Z, and that the corresponding
contribution to the symplectic flux vanishes. If the spinor field v, is of order Q/2,
then the contribution to the symplectic form from the spinor contribution to 6C),,q
is of order Q2 and gives no contribution to the symplectic flux. The finiteness of the
contribution quadratic in the variation of the spin 3/2-field to the symplectic form
at infinity requires the spinor field d¢, to fall off at least as fast as Q2. From a
geometric point of view, it is thus natural to require that the field Q=Y 24, be finite
and smooth at Z. The vanishing of the spinor contribution to the symplectic flux
through Z, given by

Fspm_g/g = /51¢H”yyf<52wg dz* A dz” N dSL’J, (352)
T

is not ensured however by merely requiring that Q71/2¢),, be smooth at Z. A sufficient
condition is obviously that the pull-back to Z of the integrand vanishes,

Y02ty [Z=0. (3.53)

We now fix a boundary condition on ¢, which does precisely this.

Boundary condition for 1,:
P, = O(Q%?). (3.54)

We next need to see whether our boundary conditions on (g,.,,,) are compatible
with supersymmetry. On exact AdS-spacetime, one can choose a basis of covariantly
constant Majorana spinors, i.e., global solutions to the equation

o 1o
(vu i 5%) n=0, (3.55)
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where the circle above derivative operator and gamma-matrix indicate that the quan-
tities associated with exact AdS spacetime are meant in this equation. Defining the

“chiral projections”

~ 1 o

P = 5(1 + n',), (3.56)
(so that ]—Z’i = Pi, P +]5_ = 0 everywhere), one may show that, in any spacetime, one

has

1 - - N -
(Vu N 5%0) (@ 20) = 02 (Y, +97'3,5.) 0. (3.57)
for any spinor field ¢. Thus, taking ¢ = 7, and using the Killing-spinor equation, we
must have that P_7 [ Z = 0. In fact, one can show that

QP_U + O(2?) (3.58)

for certain spinor fields U [14, [I7] which are smooth at scri. On a generic spacetime
that is only asymptotically AdS, there do not exist any spinors satisfying eq. (8.53)
However, using the asymptotic form of the metric and the fact that n is a Killing
spinor of AdS, one may show

1 ~ -
Q_3/2 (Vﬂ + ﬂ’yﬂ) /)7 = Q_l,?V(Q_lKMV) +U
_'_

— V('K )PU A .. (3.59)

where dots stands for terms of order O(2). In these formulae, K w = @(,ﬁ,,) is
the extrinsic curvature of Z with respect to the unphysical metric. Note that our
boundary conditions on the metric require that Q'K w is smooth at Z. In deriving
the above equation, the formula

5(Vut)) = =510 7 (Vb — V0000 (3.60)
for the linearized spin connection was found to be useful.

We can now analyze the question of whether our boundary conditions are left
invariant by the supersymmetry transformations. Consider first the variation s,,,,
with 7 a Killing spinor of exact AdS spacetime. From our boundary condition on 1,
we know that

E[Vua 70] @u%ﬂﬂa + @Eu%/wa - 'J}u’}/awu) - O(Q4) (361)

D=V, =g
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Thus, (D, + 37,)n is given by eq. (35J), up to higher order terms. However, as it
stands, it follows from (3.59) only that

1 ~ ~ ~
(Du + 5%) n= Q5 (Q7 KW PU + 0(2?) (3.62)

and thus only that s,1, = O(Q/2), instead of our desired boundary condition s, =
O(92%/?). However, we will now use the equations of motion to show that in fact
O K w = 0 on T, so the desired boundary condition follows for s,,. For this, it is
convenient to make a decomposition

guu = ﬁuflu + ﬁ/u/ (363)

of the unphysical metric into “Gaussian normal form”, where n* = (9/0Q)" is
geodesic, and where h,,(f2) is the induced metric on the surfaces of constant (.
Let T, be the matter stress tensor, containing all terms in Einstein’s equation in-
volving the spin-3/2 field, let Ly =T — (1/3)g,,T and let R, be the Ricci tensor
of the metric h,, on the submanifolds of constant €2. Then Einstein’s equation may
be decomposed a

a%f(aﬁ _ R LRRS 4207 RS 0 RS0
e 1.
+ha WP L5 + §L5aﬁ (3.64)
o - _
aghes = —2ha Ko (3.65)

Here 0/02 should be understood geometrically as £;. The boundary condition on
1, now implies that f)ag = 0(9), from which it can be seen to follow that even
K, = 0(9?), and not just K,, = O(Q), as required by our boundary condition
on the metric. Thus, it follows from ([B.62) that s,1, = O(Q%?), showing that the
supersymmetry variation of the spin-3/2 field satisfies the boundary conditions (on
shell).

The supersymmetry transformation of the metric under the above boundary con-
ditions can be checked immediately to be of order

S = O(Q°). (3.66)

Thus, the supersymmetry variation of the metric also satisfies our boundary condi-
tions.

SHere we follow the notation of [9]. The recurrence scheme dates back at least to [37, [38], and
has been much developed (see e.g. [39, [40] and references therein) for the purposes of AdS/CFT.
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Of course, it remains to be seen that the boundary conditions are also consistent
with the field equations, in the sense that there is a wide class of solutions. For the
metric, we have given an argument for this above, assuming that the stress tensor is
vanishing sufficiently rapidly. Thus, a wide class of solutions with 1, = 0 is allowed.
For the spin-3/2 field, the issue may e.g. be studied via a linearized perturbation
analysis. We shall not undertake a detailed study of such perturbations here, but it
is clear from the above that our boundary conditions are satisfied by any solution
which can be obtained by acting with a supersymmetry transformation on a member
of the above class of 1), = 0 solutions. This class of solutions is sufficiently broad to
define an interesting phase space.

Since the symplectic flux through Z vanishes, the symplectic structure is finite,
and the supersymmetry variations leave the boundary conditions invariant, we know
from the general analysis of the previous section that a conserved supercharge will
exist. We now follow the procedure described in the previous section to determine
what those charges are. The Noether current 3-form J is given by

J,(®) = (P, 5,0) — B, () = 27T'E, (3.67)

where (*E), are the equations of motion of the spin 3/2-field. Consequently, the
Noether current vanshes identically on shell. Thus, the Noether charge vanishes on
shell, too, Q, = 0. Using the defining relation (2.29) for dA,, one finds

(dAn);wcr = 5[€uuoa(vﬁNa6)]v Na,@ = ﬁV[a”Yﬁ”Ypr ) (368>
for any on-shell variation of the fields, and so we can read off
A, =6("N). (3.69)

In particular, we explicitly see that the consistency condition holds. Because the
Noether charge vanishes on shell, according to eq. (2.30) the conserved charge asso-
ciated with n is now given by

M= [ N=2 [ (et s, (3.70)
ox ox

Here, u" is the binormal to 0% (normalized with respect to the physical metric), and
d?S the induced volume element. The fall-off properties imposed upon the fields as
part of the boundary conditions guarantee that this integral is finite. By eq. (A179),
the off-shell Hamiltonian is obtained by adding to the above expression the con-
straints. Since J, = —27I'E, it follows that those are given by C = 2I'E, so the
off-shell spinor charge is

1
Hy = 2/ 7 {Wﬂvv@ba] - ZTT[MV7T¢0] € ue d°S + 2/6 (T Yo Y97 u™ d*s,
5 5
(3.71)
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where T), is the torsion 1-form of D,,, where u* is the unit normal to 3, where u*” the
normalized bi-normal to 9%, and where d3S and d2S are the respective integration
elements induced from the physical metric. This agrees with the expression found
by [14] using a different methodd.

4 Extended supergravity

We would now like to extend the above analysis to extended supergravities [16] [15],
A7), 42, 43]. In the extended N = 4 supergravity theory, the fields are a metric,
four spin 3/2 fields wff), 4 Majorana spin 1/2 fields x(¥), a real scalar field A and
a real pseudoscalar field B, and an SO(4) gauge connection Aff)(b), where a,b =
1,...,4. The Lagrangian consists of (3.36]) plus a complicated matter Lagrangian,
which we shall not write down. The full supersymmetry transformations are likewise
very complicated. Fortunately, for the present analysis, only the leading parts will
be important, and so we will not need to write out the detailed Lagrangian, and
transformation rules.

We would like to pick a set of boundary conditions for the above fields such that
the symplectic form is finite, such that the symplectic current through Z vanishes, and
such that the boundary conditions are invariant under N' = 1 supersymmetry. The
essence of this problem can be studied in a scalar reduction of the N' = 4 theory, and
we will from now on limit ourself to that reduction. In the scalar reduction [16], only
the fields y = d@y@, A, B, 9w, and 1, = d(“)wff) are kept, where d® is a given
direction in field space in which we want to preserve the A/ = 1 supersymmetry,
and all other fields are set to zero. The precise Lagrangian, and supersymmetry
transformation rules of this reduced theory are as follows, see section 4 of [16]:

L = Lynin + Ligin + Lt - (4.72)

Here, L,,;, is identical to the Lagrangian of minimal supergravity, see eq. (336,
without the cosmological constant term. Lj;, contains the kinetic terms for the

®Note, however, that the boundary conditions on 1, imposed in [I4] are stronger than ours.
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matter fields,
1
= uqb,,V“(A +iI'B)y"y*x (4.73)

7 —
+mekﬂ”f’¢wﬁbwu(14vp3 — BV, A)

+

3
T ST _
—|—2(1 —u)XFV X (AV,B BVPA)},

where u = A% + B2. The interaction Lagrangian is

3—u iv2
€+
1—u (1 —w)l/?

+mw“[%, WY e+ . ... (4.74)

L;.; @“7“(14 +iI'B)x €

where the dots stand for terms that are dropping off fast at infinity and can be ignored
for our purposes. The first term in L;,; provides a negative cosmological constant
A = -3, and gives a mass m% = —2 = m% to linear fluctuations of the scalar fields
A and B about 0.

The terms in the supersymmetry transformation law for (A, B, x) that will be
relevant for us are given by

1
SpX = —EW‘V“(A +iI'B) + (A—il'B)n+... (4.75)
i
~1
spB = —nl'x+.... (4.77)

V2

The dots stand for terms that fall off faster at infinity and are not relevant for the
considerations below. For the spin-3/2 field and metric, the supersymmetry variations
take the form

Snduw = _2“7]7(;/9&/) (478)

1 1
sythy = (DM+2(1_U)1/2%+2(1_u)[AvMB—BvMA]r)n+...,(4.79)

where again, dots stands for terms of higher order in 2 that can be neglected for our
purposes, and where we have set u = A? + B2, We will now discuss in detail the
boundary conditions for the scalar multiplet.
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4.1 The scalar multiplet

From the Lagrangian given above, eq. ([L.73), one derives the following expression for
the symplectic current containing contributions from the fields A, B, x:

*wp = —2@61)2’}%52)( — 251Avp52A — 25lepégB
_ 1 _ 1
+i\/§52¢u51A7p7VXm + iV 20,7,7" 61 Ad <XE)
+(A < il'B)

. o 1
+7152 (EA“ prfyﬂme) [AélB — B(SlA]

+5, ()‘(nypxﬁ) A6, B — Bo, Al
(1> 2). (4.80)

Linear fluctuations of the scalar fields A, B have a mass of m% = —2 = m%. An
analysis of possible boundary conditions for linearized fields on exact AdS spacetime
with that mass indicate the following fall-off behavior at the linearized level [17, [1§]:

A=Q7'A = ax+Q84+... (4.81)
B=Q'B = ag+Q6+.... (4.82)

We will consider only boundary conditions consistent with (A.81]) and (£82). The
contributions to the symplectic current 3-form from the scalar fields are then finite
at Z, as may be seen from the expression

wuyg rI = [51041452514 + 510&35253 — (1 g 2)] ﬁpgpw,o (483)

for the contribution symplectic current involving the fields A and B. The correspond-
ing flux through scri is

Fopin—o =2 /[5104A52/5A + d1apdfs — (1 < 2)]d*S, (4.84)
T

where d*S is the integration element on Z induced by the unphysical metric g,,. The
flux Fipin—o will not vanish unless there is a relationship between (oa, ag, Ba, B5).
One possible relationship that will guarantee the vanishing of the flux is to impose

ay =qag, PBp=—qBa, (4-85)

where ¢ € RU{oo}. Each choice of ¢ corresponds to a particular boundary condition.
This defines a Lagrange submanifold in the space (a4, ap, B4, f5) with the symplectic
form given above. However, other Lagrange submanifolds may be chosen as well.
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Linear perturbations of the spinor field y off of exact AdS spacetime may be used
to identify a class of reasonable boundary conditions. Such an analysis indicates
that [17]

X = Q%% (4.86)

should be finite (for example smooth) at Z. A simple way of seeing this is to note
that the linearized field x satisfies a massless Dirac equation on AdS-spacetime. The
massless Dirac equation in 4 dimensions is conformally invariant, with conformal
weight 3/2. This implies that if x is a smooth solution to the massless Dirac equation
in AdS spacetime, then y is a smooth solution on the conformal compactification. The
contribution to symplectic current from the spinor field x at Z is then expressible as

Wowo = IO XT* 02X — (1 < 2)]€apme - (4.87)

This will be finite at Z under the above choice of boundary condition that ¥ = Q~3/2y
be smooth at Z. The symplectic flux is given by

Py = [BoCTonc — 5 Tooe — (1= D), (459)
T
where we have defined positive and negative chiral projections by
Yi=P.X, x.=iP,Iy=1ilP_Y. (4.89)

The spin-1/2 symplectic flux will only vanish if there is a relationship between these
projections, for example

X- = qX+ > (4.90)

but, again, more general boundary conditions described by an arbitrary Lagrange
submanifold in the space (x4, x—) would also ensure the vanishing of Fy,;,_1/2. As
above, each ¢ defines a separate boundary condition. There is in particular no reason
at this stage why the ¢ in this equation must be equal to the ¢ in eq. (£85). But we
will now see that, if they are equal, then the boundary conditions preserve N = 1
supersymmetry. For this, we need to find how the supersymmetry transformations act
on the boundary values of the fields in the chiral multiplet, (a4, ap, 84, 85, X+, X—)-

To this end, we now choose an asymptotic Killing spinor n = Q~1/27, and define the
quantities . = P,7, and n_ = %P_f], both of which are finite at Z by the arguments
given above around eq. ([358). We insert this into formulae for the supersymmetry
transformations. After some algebra, using the field equations for the fermion field,
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we find,
(.
Spa = ﬁ%X— (4.91)
v
SnB = EW+X+ (4.92)
1 1 . -
= ——q7_I'yv_ + —=n,Th*"5,V,x_ 4.93
S35 PN LY LA S (4.93)
3 o L Ths, (4.94)
s = —7_ - — y _ .
nMA 2\/577 X+ \/577—# 7 MX
1 . R
SpX- = NG [+04A77+ +iI'Bpny — R* VMVVO[AT]-F} (4.95)
-1

SpX+ = ﬁ [—1—0437]_ —ilBany — ﬁ“"’yy@uaer] . (4.96)

Here, iz,w is the metric of the ESU, meaning that all derivatives in the above formulae
are tangent to Z, and hence well-defined on the boundary fields. It now easy to see
that the above boundary conditions are preserved by supersymmetry. For example
ay = qop and B = —qB4 immediately imply that s,x_ = ¢s,x+, which is just the
desired boundary condition for the spin-1/2 field. The bosonic part of the asymptotic
symmetry group associated with these boundary conditions is isomorphic to O(3, 2).

We will now show that there exist further boundary conditions that preserve a subset
of the N = 1 supersymmetry transformations associated with a subgroup O(2,1) x R3
of O(3,2). For this, we first note that the supersymmetry transformations mix only
the boundary fields (a4, 85, x—) and (ag, 84, X+ ), but do not mix fields from one set
with fields from the other set. This suggests to combine each set into a boundary
superfield, and to try and write the supersymmetry transformations on the boundary
fields in terms of a derivative operator on superspace. We will now show that this
can indeed be done.

For this, we now consider a 2-dimensional subspace of the 4-dimensional space
of the asymptotic Killing spinors n that parametrize our supersymmetry transforma-
tions. Recall that in exact AdS-space, there are four real linear independent solutions
to the Killing spinor equation (B.55). The corresponding conformally rescaled spinors
i = QY2y satisfy the conformally related equivalent equation (3.57). To single out
the specific 2-dimensional subspace of Killing spinors on AdS-spacetime, we consider
the conformally rescaled Killing-spinor equation (B.57) for the metric ds2, related to
the exact AdS-spacetime ds? via the conformal factor 2 = z defined by writing the
AdS metric in Poincare coordinates,

1
ds? = ?(—dt2 +da? + dy® + d2?) = Q%ds;, z>0. (4.97)
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In this description, AdS-spacetime is mapped to the half space R3 xR of 4-dimensional
Minkowski spacetime. The conformal Killing spinor equation (8.57)) in this description
(with 2 = z) has as obvious solutions the two linearly independent constant spinors
£ = 7} in 4-dimensional Minkowski spacetime satisfying P_& = 0, and P& = & where
we note that Py is now simply the projector (1 £+.)/2, with v, the flat Minkowski
space gamma-matrix. The two real linear independent Killing spinors ¢ = Q~1/2¢
thus obtained on AdS-spacetime generate the 3 translations 9, d,, 9, on the confor-
mal boundary defined by z = 0 under the supersymmetry algebra, i.e., [s,, Se,] = £x,
where X = &19%£,0, is a translation on R?, see also [33 [34] [44].

Consider the boundary fields (a4, ag, B4, 85, X+, X ), viewed now as fields on R?
via the diffeomorphism (¢,r,0,¢) — (t,z,y,z), which maps the conformal infinity
7 = R x S? (minus a generator) to R3. They may be obtained from the boundary
fields defined above on 7 via the conformal change

e — By (4.98)
a — ka (4.99)
B — k3, (4.100)

followed by the diffeomorphism, where k is the ratio of the conformal factors in
eq. (497) and (3:41]), and [ means either 54 or (g, etc. For any one of the 2 real
linear independent Killing spinors € just described, we have

-

Sevq = —=EX- (4.101)
V2
s.ap = ——=EXi (4.102)
V2
1 _ - .
SeﬁB = +ﬁéfh‘“’ﬁuvyx_ (4103)
1 _ - 5
SeﬁA = —ﬁérh‘w;yyvuer (4104)
1 N N
sex. = [+¢rﬁB—hW%vuaA}g (4.105)

SeX+ =

SILS

[—zrﬂA - E%ﬁ“afg} ;. (4.106)

Note that in this expression iz,w is now the metric on the conformal boundary z = 0
of R? in (£.97), i.e., the flat, 3-dimensional Minkowski metric. These transformations
may be written in terms of standard superfields on 3-dimensional Minkowski space-
time R3. For this, introduce 3 Pauli-matrices o, j = ¢, z,y intrinsic to R3, identify
€, X+ with real 2-component spinors on R?® associated with the group SO(2,1) of
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isometries of the boundary R?, and introduce real Grassmann valued spinor field 0°.
Define two real boundary superfields on R? by

_ 1
P, = oau+6Ox,+ 59253, (4.107)
- 1
d_ = ap+0Ox— iezﬁA. (4.108)
Define a superspace derivative operator as usual by
N B
D, = i-— +07,;6°0;. (4.109)

00~
Then the SUSY transformations of the boundary fields can be written as

1
5. Dy = ﬁé‘lDaéi. (4.110)

The above choice of the boundary conditions is simply
O, =qd_, (4.111)

and this is now manifestly invariant under SUSY transformations with respect to the
two linear independent spinors ¢, since these are given in terms of a superderivative.
We note that this formalism is in direct parallel to the three-dimensional superspace
formalism used to study an AdS/CFT dual of our discussion in [33, [44].

The most general class of boundary conditions preserving the supersymmetry
transformations generated by the two Killing spinors € can now be inferred as follows.
The first condition on any boundary condition was that the symplectic flux through
7 vanishes. The combined spin-0 and spin-1/2 contributions can be written in terms
of the superfields as

Fopin—o+ Fapin-1/2 = 2 / (61D, 0,0 — 6, _6,P,]d%0d>S . (4.112)
A

It follows from this superspace expression for the symplectic flux that it will vanish
if we impose as a boundary condition

SW(®.)
O =—— 4.11

for some functional W of ®,. Indeed, we then have

Y

5(I)+(x1)5(1>+ (x2) [51(I>+ (I1)52(I)+(:Cg)—51(1)+(x2)52®+ (I2)] =0.

(4.114)

Fspin—0+Fspin—1/2 = 2/
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If in addition, the functional dependence of W on the boundary fields is of the form
W(d,) = /]—" )d?0d®S (4.115)

(i.e., W depends on the boundary fields only through the superfield) then the bound-
ary condition is also invariant under the operation D, i.e., under supersymmetry.
Thus, we have found that the above “supersymmetric Lagrange submanifold” condi-
tion gives a general form for boundary conditions perserving N’ = 1 supersymmetry.
When expressed in terms of the boundary fields, our supersymmetric boundary con-
ditions are as follows.

SUSY boundary conditions for scalar multiplet: Let {2 denote the conformal
factor in (4.97)), so that the conformal boundary is mapped to R?. Define the boundary

fields g, 0B, 6A7 637 X+ X- by

A = Qaa+Q%Ba+... (4.116)
B = Qag+ 0B +... (4.117)
e = Q3PP+ ... (4.118)
xo = iQPPTP xy+ ... . (4.119)

Let € be the two Killing spinors that approach the constant spinors on the boundary
R3. Then, for any smooth function F(z) in one variable, the boundary conditions

ar = Flag), (4.120)
B = —[aF’ (ap) + 5}—/ (ap)x+I'xs+, (4.121)
xX- = Fap)x+, (4.122)

leave N/ = 1 supersymmetries generated by the 2 real linear independent Killing
spinors € unbroken. They are the component versions of the supersymmetric Lagrange
submanifold condition ®_ = §W/§P,, see eq. ([LI15).

It can be seen that the asymptotic symmetry algebra associated with these bound-
ary conditions is the superalgebra associated with the bosonic asymptotic symmetry
group O(2, 1) xR? that induces the isometries of the boundary metric —d#?+dx?+dy?,
see (£97). Thus, in particular, conserved bosonic and fermionic generators of this
algebra exist on phase space, and can be constructed according to the algorithm
described in sec. If we make the special choice F(z) = %qu, so that W =
i %q@i d?0d3S, then we obtain the set of boundary conditions invariant under the
larger asymptotic symmetry superalgebra with bosonic part O(3,2) generated by
supersymmetry transformation with arbitrary Killing spinor parameter n that was
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already described above. In particular, for ¢ = 0 or ¢ = 0o, we recover the boundary
condition proposed by Breitenlohner and Freedman [I7] (see also [45]) as a special
case of the more general boundary conditions shown above to preserve NV = 1 super-
symmetry.

The above boundary conditions can equivalently be formulated in terms of the
boundary fields associated with the conformal completion Z = S? x R. The cor-
responding conditions are obtained from (AI20) by simply making the transforma-
tions (A.98)). One may also implement the full supersymmetry transformations (Z.97))
associated with an arbitrary Killing spinor field n by a superspace derivative opera-
tor, which would now be of the form s, = 7,0/00 + (n;0'0)0; + 2n_6. Comparing
to the superspace derivative (ALII0), there is now an additional term 26n_, and this
explains why a general function F other than F(z) = %qz2 no longer gives boundary
conditions that are invariant under s, for arbitrary asymptotic Killing spinors 7.

4.2 The gravity multiplet

The boundary conditions for the gravity multiplet (¢, g,,,) are very similar in nature
to those in the minimal supergravity theory discussed above, and indeed are identical
for the metric. There does, however, exist a subtle difference for the boundary condi-
tion of the spin-3/2 field having to do with the backreaction of the scalar fields, and
this arises as follows. Above, we discussed the fact that the vanishing of the symplec-
tic flux will hold if we have eq. (3.53)), and this suggested to take 1, = O(Q2*/?) as the
boundary condition for the spin-3/2 field in the minimal supergravity theory. When
we checked whether this boundary condition is also preserved by supersymmetry, we
found that the supersymmetry variation s, was given by eq. ([3.59). A priori, this
did not satisfy the desired boundary conditions, which would require a faster fall-off
in (B.:59) by one power. However, it then followed from the field equation that, in fact
O K w = 0 at Z, so the predicted faster fall-off condition does indeed hold.

In the extended supergravity theory, the same reasoning does not go through
as it stands, because the field equations do not imply any more that Q1K = 0.
The reason for this is that, while the stress tensor vanished at Z in the minimal
supergravity, we now have a non-vanishing contribution arising from the scalar field.
Instead, using the same expansion techniques as above around (B.64), together with
the boundary conditions for the scalar and spin-1/2 fields, we now infer that

- 1 -
Q' Kyp = —Z(of4 +a%)hags - (4.123)

where iLW is the induced metric at Z, i.e., the metric of the ESU. This does not vanish.
Consequently, using this in (£T78]), we now get for the susy variation of the spin-3/2
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field in the reduced N = 4 supergravity

1 1
Snwu = (D“‘f‘{i—i-iu-i-...}”yu)n

1
51+ ut .. )(AV,B — BV, AT+ ...

= —Ql/zé(ai +a)n, Py U + O(Q%?) (4.124)

where we have again used the asymptotic form of the fields A, B, and the the metric,
see eq. (BI34) below. Thus, unlike in the minimal supergravity theory, the super-
symmetry variation of the spin-3/2 field is only of order O(2!/2) even after taking
into account the field equations. Thus, if we are to choose supersymmetry invariant
boundary conditions, we must impose

Boundary conditions for 1,: We have v, = Q27,00 + O(%/?), where 9, is
smooth at Z and satisfies P_1¢, = 0.

The point is now that, since the slow fall off piece in 1, is proportional to 7, the
condition (353]) for the vanishing of the symplectic flux still holds. The supersymme-
try variation of the metric also still satisfies our boundary conditions even with the
above weaker boundary condition for the spin-3/2 field. This may be seen e.g. by
noting that (s,9,.,s,1,) satisfy the linearized equations of motion. The linearized
version of our above expansion techniques then show that s,g,, is finite at Z, and
thus satisfies the linearized boundary conditions for the metric. Alternatively, we
may directly calculate using the boundary conditions for the spin-3/2 field that

SuGur = QM0 X0y + .00, X = 0430 (4.125)

Noting that ﬁ“f(u = 0 at scri, and putting X* = %Q%&“”XW one can then easily see
that .
Q'L Xy) = Lxgu +O(Q°). (4.126)

Thus, up to an infinitesimal diffeo the susy variation of the metric is of order O(°),
which is the desired boundary condition for the metric. The additional term £xg,,
can be dealt with in either of two ways: 1) Note that £x changes g, only at order
O(Q71). Thus, one may slightly weaken our original boundary condition allowing a
departure from “Gaussian normal gauge” at this order. This makes the recursion
describing the expansion in powers of €2 somewhat more complicated, but does not
significantly change the results. 2) One may take the physical symmetry to be not
sy, but s, — £x. One then readily checks that the s, — £x preserve the boundary
conditions on all fields, and that they satisfy the same algebra as the original s,,.
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5 Expressions for the bosonic and fermionic charges
in A/ = 4 extended supergravity

5.1 Bosonic charges

Above, we have formulated boundary conditions for the fields A, B, x, and g,,,, ¥, in
terms of a free function F. The group of (bosonic) symmetries leaving these invariant
was O(3,2) for the special choice F(z) = 3¢z, and it was O(2,1) x R? for general F.
These boundary conditions were chosen in such a way that the symplectic flux through
7 vanishes. By the general analysis of Sec. [2, we therefore know that Hamiltonian
generators for these symmetries exist. We will now find the explicit expressions for
those conserved bosonic charges, starting with the case of generic F(z).

The corresponding Lie algebra of O(2,1) x R3 of asymptotic bosonic symmetries
acts by vector fields X on M that are smooth and tangent to Z, and are Killing fields
of the induced metric on Z. These vector fields correspond to translational symmetries
X = ap0; + a10, + a20, or Lorentz transformations if we map the boundary Z confor-
mally to 3-dimensional Minkowski spacetime, i.e., in the Poincare description (4.97])
of the conformal infinity. Following the general prescription explained in Sec. 2, we
first need to find the Noether charge corresponding to an infinitesimal symmetry X.
It is given by

1
(Qx)w = 5 Vs X (5.127)

The symplectic 1-form potential is given by

1
euyo — §(VP59pa . vaégpp) —95AV?*A — 26 BV®B — z’XV%X =+ .. } €apvo

(5.128)
where dots stand for other terms involving the fields v, x, A, B that vanish more
rapidly at infinity and are not relevant for our analysis. The conserved charge is then
obtained by solving

Hx = /5QX ~X-0. (5.129)

where ¢ is an on-shell perturbation, and the integral is taken over a cut at infinity.
To solve this equation for the Hamiltonian generators, we need to know the asymp-
totic form of the on-shell variations 6g,,,0%,,0A,05,dx. This is determined by our
boundary condition and by the field equations, which impose additional constraints
on the form of the asymptotic expansion of the metric. These constraints may be e.g.
evaluated using the expansion techniques of [9], see also [11), [12]: The Gauss-Codacci
relation

~ - -~ 1~ ~ L~ 1~ -
Crows®n’ = £5K, — Q'K + Ko K, — ihuahVﬁLaﬁ — itho‘ﬁﬁaﬁg (5.130)
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relates the Weyl tensor of g, to the extrinsic curvature K . of the € = const. surfaces
near infinity, and the matter stress tensor, where L,, = T}, — %gw,To‘a. Combined
with the recursion relations (B3.64)), this gives

2 2 1~ o~ .= -
(hyw)s = —g(EW)O + g(KWKa,,)l — g(h,ﬂhfLaﬁ + Py L0 7i5)1 - (5.131)

Here, the subscripts indicate the order in €2, and
E = Q7' Chuappn®n® (5.132)

is the leading order part of the electric Weyl tensor. Using the asymptotic expansions
of A, B, x near infinity, and the explicit form of the Lagrangian given above results
in

IS S . [4
(h, 1P Lo + by L 1aiig)1 = 2h,, {—(aAﬁA + apfs) +

. ;z_rX+] . (5.133)

N | =

Using this result, and eqgs. (8.64) and (£.123)), one can conclude that the metric has
the asymptotic expansion

d0? 1 1 1 1
dS2 = W_ﬁ(l {2CYA+2CYB——}92) dt2
1 1 1 1
2, 4 1 ) .
+4 3 ;w —2 §(aAﬁA + aBﬂB) - BX_FX+ h',uz/ dztdx
(5.134)

Thus, the asymptotic form of the on-shell perturbations for the fields may be assumed
to be

2
5g/w = gQéE;w + 295 [ (aAﬁA + O‘B/GB) - BX 1—‘X-i-:| h/u/
1 -
—55(0& + a2 + . (5.135)
as well as
0A = Q(SOAA+Q255A+... (5.136)
6B = Qdap+ D58z + ... (5.137)

ox = Doy, — i PToy_ + ... (5.138)
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for the matter fields. The asymptotic form for the spin 3/2 field may also be written
out, but is not needed here. If these expansions are used then one finds that

' 1
(AV,6A + BV 6B + % XV = 595(0& + B%) + Q*5(aafa +apBs)  (5.139)

1 1
+Q*(Badaa + Bpdaa + §X—F5X+ - §X+F5X—)-

The term in the last line is seen to vanish on account of our boundary conditions on
the fields A, B, x. Substituting this result and (5.135)) into the definitions of Qx, and
of X -0, gives the result

(0Qx — X -0),, = 0B, X0, (5.140)

1 1., o~
+2 gé(aAﬁA + aB/@B) + 56(X+FX—) X npeap/u/
at infinity. We now again use our boundary conditions on the scalar and spinor fields.
It follows that the expression for the conserved charge associated with the symmetry
X is given by

Hy = — / E,, X u"d?S (5.141)
c
2 , / / -
+/C {gﬁA[f/(O‘B) —apF"(ap)| + [apF" (ap) — f/(OKB)]X+FX+} X, d*S

where d?S is now the 2-dimensional integration element on the cross section C' of
7 induced by the unphysical metric, and u* is the timelike unit normal (normalized
with respect to the unphysical metric) to C' within Z. The first term in Hx is the
standard gravitational contribution. The second term arises from the backreaction
of the matter fields onto the metric and depends upon the function F specifying the
boundary conditions. This expression simplifies somewhat for the case of O(3,2)-
invariant boundary conditions F = %qu, in which case the Hamiltonian generators
read

Hx = _/ Eu X u'd?S — q/ X+ Dxy Xty d2S . (5.142)
c c

In this case, the matter term and the gravitational term are separately conformally
invariant. It is interesting to note that the scalars make no contribution to (5.142]).
For the special boundary conditions found by Breitenlohner and Freedman [17] (cor-
responding to ¢ = 0 or ¢ = 00) the last term disappears as well’.

"To see this in the case ¢ = oo one should write the last term in terms of x_.
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5.2 Positivity of the energy

We now discuss the positivity properties of our expression for the bosonic charges
Hx given by eq. (5.I41]), for timelike asymptotic symmetries X, i.e., the positivity
of the energy of the theory. We first discuss the general boundary conditions on the
scalars preserving an O(2, 1) x R? bosonic asymptotic symmetry group, specified by a
general smooth function F as in ([LI20). In that case, as follows from the discussion
below (97, a future directed timelike asymptotic symmetry corresponds to a vector

field X given by
0 0 0
X =a9p— — — 5.143
a08t+alax+a26y ( )
at Z, where (ag,a1,as) € R3 is a future directed, timelike vector in 3-dimensional
Minkowski spacetime and where (t,z,y) are the coordinates of Z in the Poincare
description of the conformal boundary, see eq. (£97). Such a vector field can be
written as

X =evte (5.144)
where ¢ is a complex linear combination of the 2 special linearly independent asymp-
totically Killing spinorsﬁ described below eq. ([A97). We will now show that

Hx >0 (5.145)

for such vector fields, for any solution of the field equations with the stated boundary
conditions for which the spinor fields all vanish

Yup=0=x. (5.146)

The condition (5.146) guarantees that Hx is real, as opposed to being merely an even
element of the exterior (Grassmann) algebra.
The Lagrangian (4.72) then reduces to its bosonic part, given by

Lios = | 3R = Grald) V"9 V,07 — V(0)| €. (5.147)

Here, the scalar fields A, B have been combined into a 2-component field ¢ = (A, B)
taking values in a 2-dimensional target space with metric and potential given by

19,0 ldof? _ 3—1leP
GIJ<¢)d¢ d¢ - (1 _ ‘¢‘2)2’ v(¢) - 1— ‘¢‘2 :

8Unlike in the rest of the paper, spinors in this subsection are taken to be commuting. The reason
is that we want the spinor charge Q) x defined below to be a real number. The spinors considered
here are not dynamical fields.

(5.148)
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The potential arises from the pre-potential P(¢) = (1 — |¢|?)~/? in the sense that
there holds the equation
V =-3P3+G"9,P0,P, (5.149)

which is closely related to the fact that L;,s comes from a supersymmetric theory.
Following [46], generalizing in turn arguments of [47, 48|, 49, [51), [50], one can show
that the existence of such a prepotential entails the existence of a positive definite
quantity @ x > 0, which will turn out to be equal to Hx, thus establishing the desired
positivity property. The quantity ) x is defined as follows. One first defines an analog
of the Nester [50] 2-form, given by

1
FoB = gylaqfrl <vp + §P(¢)%> €. (5.150)
This quantity will turn out to be closely related to the fermionic supercharges of the
theory, but for the moment we do not need this fact. The quantity ) x is now defined
as

sz/(j*F. (5.151)

Let us choose a spacelike 3-surface intersecting the cut C' of Z transversally, with no
interior boundary (we assume that such a surface can be chosen). Then, applying
Stoke’s theorem, we have

Qx = /Z d("F) = /Z (V*E,)u” dS, (5.152)

where dS' is the natural integration element on ¥, and where u* is the normal, nor-
malized to -1 here with respect to the physical metric. Using (5.149) and Einstein’s
equation, one can calculate [46], that

(VEE)u” = —2(Ve) iV e + 2(Ve)Vie + G TA (5.153)

where 4, j are indices associated with the tangent space of ¥, where ﬁu =V, +
%P(gb)%, and where

N = %(wvuqsf +2G" 9, P)e . (5.154)
The last 2 terms in eq. (5.I53) are manifestly positive, while the first term can be
set to 0 by imposing the “Witten condition” viﬁie = 0 on X (essentially the spatial
Dirac equation with suitable boundary conditions). As one can show using functional
analytic techniques [I1] (see also [52]) a global, smooth solution to this condition
with the desired boundary conditions indeed exists under our assumed boundary
conditions. Thus, we have shown that (Qx > 0.
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We next need to relate Q) x to Hy. For this, we expand the metric and scalar field
as above in (5.134)) and (£I16) near Z, and we additionally expand € near Z using the
fact that it satisfies the Witten condition, see [111, [12] and [52] for similar calculations
in an almost identical theory with only one scalar field. Using our boundary conditions
on the scalar fields (£I120), as well as an expansion of P near ¢ = 0 one findd

N 2 .
(*F)MV = Euuagnﬁ E po — g(OéA/@A + OéBﬁB)X (5155)

at Z. Integrating this expression over a cut C' at Z, again using our boundary condi-
tions on the scalar fields, and comparing the result to our expression (B.I141]) for Hy
with the fermionic fields y set to 0, one sees that (Qx = Hx. Thus, we have shown
that Hx > 0 for timelike asymptotic symmetries and boundary conditions preserving
an O(2,1) x R3 group of asymptotic symmetries.

The choice F(z) = %qz2 is a special case which, as explained above, corresponds to
an asymptotic symmetry group isomorphic to O(3,2). In that case, we have a larger
class of timelike asymptotic Killing fields, which can be written as X* = 7vy*n, where
7 is a complex linear combination of the 4 real linearly independent asymptotic Killing
spinors rather than only a linear combination of the special 2 real linear independent
spinors ¢ described below (£97). Each such Hx is positive by the argument above.

5.3 Fermionic charges

Since we have identified a set of boundary conditions preserving N’ = 1 supersym-
metry and enforcing vanishing symplectic flux through Z, we know by the analysis of
Sec. 2l that corresponding conserved Hamiltonian generators associated with a super-
symmetry variation exist. We now explicitly determine their form. As in the previous
subsection, it is instructive to treat separately the special boundary conditions de-
fined by F(z) = %qu, preserving a group O(3,2) of asymptotic bosonic symmetries,
and the general boundary conditions defined by a general F(z), preserving only a
subgroup O(2,1) x R3 of asymptotic bosonic symmetries.

In the general case, asymptotic fermionic symmetries are associated with asymp-
totic Killing spinors € which are linear combination of the 2 special linearly indepen-
dent spinors described below eq. (£.97]). For such spinors, the asymptotic Killing field
XH = &vyke is a translation on Z, i.e., of the form (5.143), corresponding to generators
in the translation subgroup of O(2,1) x R3. To determine the fermionic Hamiltonian
generators H, following the general procedure outlined in Sec. 2, we must determine
the Noether charge, Q. [see eq. (2.27)] and the 2-form A, [see eq. (2:29])] for extended

supergravity, and then determine H, via eq. (2Z30). From the general form of the

9 Here it is important that P is a “good” superpotential of the type called “P_" in [52], see that
paper for a detailed explanation.
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expressions that are involved in these quantities, one can infer that the integrand h,
of the Hamiltonian generator H. = fc h. must be a 2-form satisfying the following
general properties: (1) It must be locally constructed out of €, the metric g,,, the
Levi-Civita tensor €,,,,, the gamma-matrices v, the spin 3/2-field v, and the matter
fields A, B, x, but not the covariant derivatives of these fields. (2) It must be linear
in e. (3) It must be manifestly finite at Z. These restrictions only leave a relatively
small number of possible terms, since for example each factor of A or B drops off as
) near infinity, so that terms involving higher powers of A or B will automatically
vanish at Z. In fact, it can be seen in this way that possible terms fulfilling (1), (2)
and (3) can at most be linear in v, x, A, B, and cannot depend upon A, B, x if they
depend upon 1,. One possible term fulfilling these criteria is the 2-form *N. entering
the definition of the Hamiltonian generator in minimal supergravity (see eq. (B.68)).
Let us define

G. - / “N... (5.156)
C

We will now show that, in fact,

H. = G. (5.157)

i.e., the formula for the Hamiltonian generators for the fermionic charges in extended
supergravity is the same as in minimal supergravity.

We could prove this directly by going stubbornly through the definitions of sec. 2]
but this is somewhat tedious because the Lagrangian (L.72) and the corresponding
supersymmetry transformations are relatively complicated. We will instead use an
indirect argument proving that H. = G.. This argument is based on our knowledge
of the bosonic charges Hx associated with an asymptotic symmetry vector field X,
see eq. (B.I41). The point is that, since the generators H. and Hy are defined as
Hamiltonian generators, they form a representation of the superalgebra of asymptotic
symmetries (isomorphic to the super Poincaré algebra in 3 dimensions) on the covari-
ant phase space under the Poisson bracket (with respect to the symplectic form o),
that is,

{Hal,HE2} :Hx, X* :gl’}/u€2. (5158)

Thus, the fermionic charges are related to the bosonic ones, whose form is already
known from the previous section. That relation will enable us to derive the desired
expression for the fermionic generators in extended supergravity (G.I57). We will
show that

{Hsu gsz} = / Sey *Neg = 7_{X- (5159)
C

In view of eq. (B.I58), this means that H. can differ from G. at most by a term D,
with vanishing supersymmetry variation. We now argue that there is no such term.
Indeed, by properties (1), (2), and (3), the 2-form integrand of D. would have to be
a local functional of the dynamical fields (but not their derivatives) that is linear in
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e, and at most linear in 9, A, B, x. The possible terms can be written out explicitly,
and it can be seen using eqs. (ZI01)-(4.106]) that there does not exist a term which
has a vanishing supersymmetry variation (up to an exact 2-form). Thus, if we can
prove eq. (5.159), then eq. (5.I57) follows.

The supersymmetry variation of the 2-form *IN., on Z in expression (5.159) can be
computed using the definition of the supersymmetry transformation on the spin-3/2
field, giving at 7

% (6} = 1
(551 Naz)/w = € ﬁ;w €178 0l <Vp + §P(A> B) ’Yp) €2
+(AV[MB — BV[“A)XV] , (5.160)

where P is the prepotential given above in eq. (5149). An important thing to note
is that the first term on the right side is essentially the dual of the Nester 2-form
given above in eq. (B.I50). Thus, by essentially the same argument as given there,
the integral over a cut C of the first term will give us Hyx. We only need to take care
that the fields x, 1, are now not assumed to vanish, and consequently might appear
e.g. in the asymptotic form of the metric (5.134]). Taking into account this difference,
we obtain for the first term in (5.160) the expression

2 3
(First term) = €,,“’7 EMXW—éaMﬁ+am%—§XJXJXQ. (5.161)

On the other hand, the second term in (5.160]) can be expressed as
(Second term) = X,V 1 {2F (ap) — apF'(ap)} (5.162)
using the boundary conditions [@I20), where X, = §,, X" is given by
X = apdt 4 aydz + axdy (5.163)

in view of eq. (.143). We now integrate eq. (5.160) over a cut C' of Z, and compare
the result with our expression for the Hamiltonian generator (5.141]) using (5.I61)

and (5.162). We find

{Hgl, QEQ} = HX ‘l‘/ d[Qf(OéB) - OéBf/(OéB)] ANX. (5164)
C

Integrating the last term by parts and computing dX = 0 from (5163]) establishes
the desired relation (5.159).

We next consider the case of the special O(3,2)-invariant boundary conditions

corresponding to the special choice F(z) = %qz? In that case, our supersymmetry

transformations s, are parametrized by arbitrary asymptotic Killing spinors 7, and
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not the special 2-dimensional subspace of asymptotic Killing spinors € giving rise to
translational asymptotic Killing fields X, see (5.143)). In that case, eq. (.164) still
holds (with ¢; replaced by the more general spinors 7;), but it is no longer true that
dX = 0 on Z, because X need no longer be a translation on Z. However, we now
have

2?(0&3) - OéBf/(OéB) =0. (5165)

Thus, the second term in eq. (5I64]) still vanishes, demonstrating that the desired
relation (5.159) also holds (with €; replaced by n; in that equation) for the larger set
1

of supersymmetry generators associated with F(z) = quz.

6 Summary and conclusions

In this paper we have investigated classical field theories with local symmetries, and
in particular theories with fermionic local symmetries, i.e., supergravity theories. Let
us summarize the main results of this paper:

e In section 2, we have gave a general definition of Hamiltonian generators conju-
gate to a local gauge symmetry in classical field theories on a manifold, within
a covariant phase space framework. The local symmetries were assumed to be
either of bosonic type (such as local Yang-Mills type gauge symmetries or dif-
feomorphisms) or of fermionic type (such as supersymmetry transformations).

For theories requiring the specification a set of boundary and/or asymptotic
conditions, the existence of the generators is not guaranteed. We derived a
simple general criterion stating when such charges exist and are conserved. The
criterion is that the symplectic flux through any real or conformal boundary
should vanish, and that the boundary conditions should be invariant under the
symmetry. In the case of a bosonic symmetry, our method reduces to that of
Wald et al. [2, 3, [4]

e We then applied our formalism to two example theories: Minimal (N = 1) su-
pergravity with a negative cosmological constant, and a consistent truncation
of extended N = 4 supergravity with a complex scalar field of mass m? = —2, a
Majorana fermion field, and a cosmological constant A = —3. For minimal su-
pergravity, we chose boundary conditions such that the metric approaches that
of AdS-spacetime for large distances, and in particular such that the bound-
ary metric is held fixed. We then found boundary conditions for the spin-3/2
field such that our criteria for the existence of supercharges were met. In par-
ticular, those boundary conditions are invariant under the supergroup of the
asymptotic symmetry group O(3,2). An explicit formula for the supercharge
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was also derived, and it agreed with the formula previously found by Henneaux
and Teitelboim [I4] by a somewhat different method.

For extended N' = 4 supergravity theory, one also has to choose boundary
conditions for the matter fields. We found a 1-parameter family of boundary
conditions perserving A/ = 1 supersymmetry, satisfying our criteria for the ex-
istence of the corresponding N' = 1 supercharges. These boundary conditions
are, in particular invariant under the A’ = 1 supergroup of O(3,2). For par-
ticular values of the parameter, our boundary conditions reduce to those found
by Breitenlohner and Freedman [I7]. We also found a more general class of
boundary conditions of non-linear type that are invariant under a subgroup
0(2,1) x R* C 0O(3,2), and which are also invariant under a restricted set
of supersymmetry transformations generating Poincare transformations of the
asymptotic boundary R? of spacetime (corresponding to the description of AdS-
spacetime as conformal to a half space of 4 dimensional Minkowski space). These
boundary conditions are characterized by an arbitrary function, F(z), in one
variable. They could be written as a “supersymmetric Lagrange submanifold
condition”

o, = O / F(®_)d#5d%, (6.166)
A

where @, are boundary superfields on the conformal boundary Z of spacetime,
defined from the asymptotic tails of the scalar and spin-1/2 fields in the theory.
The boundary conditions of [I7] correspond to the particular choice F(z) = 0.
Asymptotic supercharges were shown to exist (for general F) that generate
the restricted class of supersymmetry transformations. In the context of the
AdS/CFT correspondence, the boundary conditions associated with a general
F correspond to a modified boundary action by general arguments [24] 25| 23],

Sbndy = Sbndy + / F(O)d*sda%e, (6.167)
A

with O the dual boundary superfield in the CFT. This modification will in
general break superconformal invariance, but preserves supersymmetries corre-
sponding to the 3-dimensional Poincare group. Our boundary conditions thus
give rise to interesting QFT-duals.

Finally, we gave formulae for the bosonic and fermionic charges in extended
N = 4 supergravity, and we proved that the energy is always positive when
the fermionic fields are set to 0. Our formulae for the fermionic charges agree
with those in minimal AN/ = 1 supergravity, though the explicit expressions for
the bosonic charges generally contain an additional term associated with the
matter fields. This additional term depends upon the function F characterizing
the boundary conditions.
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Although we have focused on particular supergravity theories, the general pattern
of results is clear. In the N' = 4 theory, the freedom to choose a variety of boundary
conditions preserving N' = 1 supersymmetry stems from the presence of appropriate
matter chiral superfields. One therefore expects a similar set of allowed N = 1
boundary conditions in any d = 4 theory containing chiral superfields with masses
in the usual window [I7] above the Breitenlohner-Freedman bound. This result is
also suggested by the analysis of [30]. It would be interesting to check this, as well
as the details of generalizations to other dimensions. In particular, for d # 4 it
remains to determine the form of any associated boundary superfields. We note that
a generalization to d = 5 would address a number of interesting examples already
well-studied in the context of AdS/CFT [26] 27, 28].

Let us return, however, to N’ = 4 supergravity in d = 4. Even here, one expects
to obtain an additional class of NV = 1 theories by deforming the boundary conditions
for the vector super-multiplet. Such a possibility was indicated in the original work
of Breitenlohner and Freedman [17], and in the context of AdS/CFT would amount
to a supersymmetric generalization of [54, 33, 34] [55], (56, [35]. We have not considered
this option here, but again it would be of interest to work out the full formalism and
to obtain a useful form of any associated vector “boundary superfields.”

Finally, we have considered only boundary conditions for the graviton super-
multiplet which impose the usual boundary condition on the graviton itself: namely,
that the induced metric on the boundary is fixed. However, for d = 4 one may
also impose boundary conditions [I8] which have slower fall-off near Z. In this case,
AdS/CFT arguments [33], 34, [35] suggest that such boundary conditions are related to
“dual” boundary theories which also contain gravity and which are defined on space-
times with compact Cauchy surfaces. As a result, one expects that with such slower
fall-off boundary conditions, all asymptotic symmetries will be gauge and lead only
to trivial conserved charges. It would, however, be interesting to check that super-
symmetry can be preserved in such contexts, and to check that indeed the associated
variations 6’H,,, dH x vanish on-shell.

Acknowledgements

The authors would like to thank Rob Leigh for useful discussions. D.M. was supported
in part by NSF grant PHY 0354978, by funds from the University of California. S.H.
would like to thank the physics department at UC Santa Barbara for their kind
hospitality.



39

A General properties of H,

In this appendix, we summarize some important, model independent general proper-
ties of the generators H,, for any (bosonic or fermionionic) symmetry 7.

A.1 Ambiguity of H,:

Two potential ambiguities arise in the construction of H,,. First, a potential ambiguity
arises from the fact that we may change the Lagrangian L to L+du, with g a (d—1)-
form that is locally constructed out of the fields, without changing the field equations.
However, it is easy to see that such a change will not affect the symplectic form w, and
hence will not change the definition H,. Another potential ambiguity arises because
0 is only unique up to the addition of an exact form,

6(®,5P) — (D, 50) + d Z(P, 5P). (A.168)

The addition of such a term will change the definition of H,—assuming it exists—by

H, — H, +/ Z(®D,s,P). (A.169)

ox
This type of ambiguity will typically be eliminated by the given choice of boundary
conditions, which ensure that the only Zs which gives rise to finite modification of
the generator ‘H,, simply shift H, by constants, if they exist at all.

A.2 Gauge invariance of H,

Note that Q, and A, in the definition of 0H, are by construction “potentials” for
gauge invariant quantities, and therefore need not be gauge invariant themselves.
Consequently H,, itself is in danger of not being gauge invariant. We claim, however,
that 0H,, and hence H,, itself, is always invariant under gauge transformations that
can be continuously connected to the identity (i.e., except possibly for “large gauge
transformations”). As an example, consider the case when one of the matter fields
is a non-abelian gauge field A,. If we assume that the Lagrangian is invariant under
infinitesimal gauge transformations 64, = V,A + [A,, A], then it follows (by going
through the definitions), that Q, is invariant under such a transformation up to
the addition of a closed from G,. However, again by the fundamental lemma, it
follows that G, must be exact, and hence cannot contribute to the integral defining
OHe. A similar argument can be made for the second term contributing to this
integral. Hence, dH,, and therefore H,, itself, is independent under infinitesimal
gauge transformations. But this implies that it is independent under any finite gauge
transformation that is connected to the identity by a differentiable path.
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A.3 Off-shell formula for H,

It is often useful to have an off-shell formula for H,,, for example, for the computation
of Poisson brackets with interesting gauge dependent quantities. To construct such a
formula, we now compute 6H, (®) for any solution ®, but arbitrary off shell variations
0®. Note that, in this situation, our derivation of the variation of the generator H,,
only implies that

0H, = / 53, + [ A, (A.170)
% ox

On shell, we have J,, = d Q,,, so we also have 0J, = d 0Q,, for on shell variations 0@,
and the first integral reduces to a surface integral [ 6Q,. However, this is not true for
off-shell variations, and the off-shell variation of H,, consequently differs from (A.170)
by a term that is not a boundary integral. To characterize this term, it is necessary
to have a suitable off-shell formula for Q,,. Since J, = dQ,, only holds on shell, we
have in general

N
(Jﬁ - dQn)Vl---Vd—l = Z X (“1.““1)/4[1/1---1’@1—1}(q))v(ﬂl T VuI)TIA ) (A.171)

I1=0

where M (®) = 0 vanishes if ® is on shell. We will now show that, if the variation
s,® contains at most M derivatives of n?, then the Noether charge can be modified
Q, — Q, + 7, by a (d — 2)-from 7 vanishing on shell, such that the right side of
eq. contains at most M — 1 derivatives of n. The proof of this statement
is similar in nature to arguments given in [32]: Let the maximum number N of

derivatives in eq. (A.ITI)) be such that N > M. Since
d(J, — dQ,) = Es,®, (A.172)

and since the right side of that equation by assumption contains at most M derivatives
of n?, it follows that

0= )\(ul"'“NA[ul...ud,lég)p}v(m e VquU)rf]A (A173>

for all n. Consequently, we have
0= ABin 07, (A.174)
Defining now
N A

Op1---HUN—1

Tvy.vg_g — THA AU[Vl---Vdfﬂv(l/«l T VMNA)U ) (A'175>

it may be checked that J, —dQ, —dr, contains at most N — 1 derivatives of 7", and
clearly 7(®) = 0 on shell. Therefore, the highest derivative term on the right side
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of eq. (AIT7I) has been removed by an off-shell redefinition of Q,, — Q,, — 7, which
does not affect the form of Q, on shell. We can continue this process inductively
to remove the next-highest derivative term on the right side of (A.I7I]), as long as
the number of derivatives is not smaller than M. Therefore, by a suitable off-shell
redefinition of Q,,, it can always be achieved that

M-—1
J,—dQ, = > Cu" 1 (®)V, - Vyun™, (A.176)
I1=0

where C#(®) vanishes on shell, and where M is the maximum number of derivatives
of n* appearing in the symmetry variation s,®. Therefore, by eq. (A.IT0), the total
off-shell Hamiltonian variation is given by

M-1
oH, = 2/5
1=0 7>

The forms C4## are the “constraints” associated with the fermionic symmetries,
and vanish when the equations of motion hold. Thus, we see that the off shell vari-
ation of H,, is not given by a boundary integral, but contains also a “bulk” integral
containing the variation of the constraints of the theory associated with the fermionic
symmetries. In particular, if the number of derivatives appearing in the SUSY trans-
formations is M = 1, as happens e.g. when the Lagrangian contains no more than
second derivatives of the fields (the case in nearly all applications, and in particular
in the supergravities studied in this paper), then

CA" MV gy - 'VMIWA

+ /82 5Q, — A, (A.177)

J, —dQ, = Can*, (A.178)

and we get a correspondingly simpler form for the off shell variation of H,,

SH, = /2 5(Can™) + /a 0Q = A, (A.179)
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