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Abstract

We show that two stationary, asymptotically flat vacuum blaales in 5 dimensions
with two commuting axial symmetries are identical if andyoifitheir masses, angular
momenta, and their “rod structures” coincide. We also shmat the horizon must be
topologically either a 3-sphere, a ring, or a Lens-space. algument is a generaliza-
tion of constructions of Morisawa and Ida (based in turn onwerk of Maison) who
considered the spherical case, combined with basic argisneencerning the nature of
the factor manifold of symmetry orbits.

1 Introduction

A key theorem about 4-dimensional stationary asymptadyiéait black holes is that they are
uniquely determined by their conserved asymptotic chargbe mass and angular momen-
tum in the vacuum case [3, 31], and the mass, angular mometdroharge in the Einstein-
Maxwell case [27, 2]. But the corresponding statement isomgér true in higher dimen-
sions; there are different vacuum solutions with the samsspand angular momenta [29, 6].
Nevertheless, it is an interesting open question whethematogous statement might still
hold true if a finite number of suitable further parametespamted with the solution is spec-
ified in addition to the mass and angular momenta. The purpiites note is to show that
this is indeed true in the special case of stationary, asytigatly flat vacuum black holes in
5 dimensions which have 2 commuting axisymmetries with the property that the exterior
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1By this we mean Killing fields whose orbits are periodic. Ighér dimensions, the set of fixed points of
such a symmetry is actually generically a higher-dimeraitplane”, rather than an “axis.” We nevertheless
refer to the symmetries as axial, by analogy to the 4-dinoeradicase.
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of the spacetime contains no points whose isotropy groupsigate. All exact solutions
found so far fall in this class.

In fact, what we will show is that the solution is uniquely el@hined in terms of its
mass, the two angular momenta, and a datum called “rod stajidhat has been introduced
in a somewhat different form from a more local perspectiveHaymark [14, 13], see [7]
for a special cage The rod structure encodes information about the relatsition of the
various axis and the horizon, and gives a measure of thejthenActually, as we also show,
the rod structure in particular determines the topologyefttorizon, which we show may be
either be a 3-sphel®®, aringS’ x S, or a Lens-spack(p, q). Our proof of these statements
uses a knoww-model formulation of the reduced Einstein equations inrbatisions due to
Maison [25], which is analogous to a formulation previousiynd by Mazur [27] and used
in his uniqueness proof in 4 dimensions. We combine thisrtigele with an elementary
analysis of the global structure of the orbit space of theragitnies. Our result generalizes
a result of [26] for the special case &1-horizon topology, which has a particularly simple
rod structure.

In 5 dimensions, it is not known whether an arbitrary stargnasymptotically flat vac-
uum black hole solution will have two commuting axial Kilgjrfields as we are assuming.
In fact, the higher dimensional rigidity theorem [18] onlyagantees the existence of one
axial Killing field in such spacetimes in addition to the tiike Killing field. In this regard,
the situation in 5 dimensions is very different from the agalus situation in 4 dimensions:
Here the original rigidity theorem [15, 16, 5, 30, 28, 8] atg@mrantees the existence of one
axial Killing field. But this suffices in 4 dimensions to re@duthe Einstein equation to the
2-dimensionab-model equations [27], and this formulation may then be usqutove the
uniqueness. By contrast, in 5 dimensions, two axial Killiiledds are required to make the
analogous argument. As we have said, however, only one léiiimg field appears to be
generic.

Our conventions and notatiorisllow those of Wald’s textbook [33].

2 Stationary vacuum black holes inn dimensions

Let (M,gap) be ann-dimensional, analytic, asymptotically flat, stationafgdi hole space-
time satisfying the vacuum Einstein equati®g = 0, wheren > 4. Lett? be the asymptot-
ically timelike Killing field, £1ga, = 0, which we assume is normalized so that tjggt2t® =
—1 near infinity. We denote b = dB the horizon of the black hol®& =M\ 1~ (s T), with
7% the null-infinities of the spacetime, which are of topoldgy ., with Z., a compact
manifold of dimensiom—23 We assume thatl is non-degenerate and that the horizon
cross section is a compact connected manifold of dimensie. Under these conditions,
one of the following 2 statements is true: (i)tffis tangent to the null generatorstdfthen
the spacetime must be static [32]. (iiXffis not tangent to the null generatorstdf then the
higher dimensional rigidity theorem [18] states that thexistN additional linear indepen-
dent, mutually commuting Killing fieldg), ..., Wg, whereN is at least equal to 1. These

2As we will explain, we also obtain new constraints on the riodcture that were not obtained in [14, 13].
3In 4 dimensionsZ. may be shown to be a& under suitably strong additional hypothesis. A discussion
of the structure of null-infinity in higher dimensions is givin [19].
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Killing fields generate periodic, commuting flows (with peEti2m), and there exists a linear
combination
KE=t24+ Qi+ + Oy, QER (1)

so that the Killing fieldK? is tangent and normal to the null generators of the horktpand
KaW? =0 onH. (2)

Thus, in case (ii), the spacetime is axisymmetric, with isbgngroupg = R x U (1)N.
FromK?2, one may define the surface gravity of the black holeby= limy (O, )02 /1,
with f = (0%KP)0,K}, the norm, and it may be shown thats constant orH [33]. In fact,
the non-degeneracy condition implies> 0.

In case (i), one can prove that the spacetime is actuallyuenignd in fact isometric
to the Schwarzschild spacetime [22] wher- 4, for higher dimensions see [12]. In this
paper, we will be concerned with case (ii). We restrict dttento the exterior of the black
hole,l (s ), which we shall again denote by for simplicity. We assume that the exterior
M is globally hyperbolic. By the topological censorship trexa [9], the exterioM is a
simply connected manifold (with boundadi¥l = H). To understand better the nature of the
solutions, it is useful to bring the field equations into anfathat exploits the symmetries
of the spacetime. For this, one considers first the factotesila= M /G, whereg is the
isometry group of the spacetime generated by the Killingl§ieSince the Killing fieldg?
in general have zeros, the factor spate- M /g will normally have singularities. We will
analyze the manifoltl in detail in the next section for the case-5,N = 2.

The full Einstein equationB;p = 0 onM imply a set of coupled differential equations
for the metric on the open subsets (of dimensiean— N — 1) of the factor spachl corre-
sponding to points iV that have a trivial isotropy subgrotipTo understand these equations
in a geometrical way, we note that the projectionM — M/g = M defines ag -principal
fibre bundle over these open subset#/ofwe will call the union of these sets the “interior”
of M). At each poini in a fibre overt(x) in the interior ofM, we may uniquely decompose
the tangent spacg&M into a subspace of vectors tangent to the fibres, and a sthaoé
vectors orthogonal to the fibres. Evidently, the distribntof vector spacelly is invariant
under the groug; of symmetries, and hence forms a “horizontal bundle” in @reninology
of principal fibre bundles [24]. According to one of the eqi@nt definitions of a connection
in the theory of principal fibre bundles [24], a horizontahhbile is equivalent to the specifi-
cation of ag -gauge connectioB, on the factor space, whose curvature we denotB.by
The horizontal bundle gives an isomorphistp— T, )M for anyx, and this isomorphism

may be used to uniquely construct a smooth covariant teredditfi, . on the interior oM
from any smooths -invariant covariant tensor fielg, . on M. For example, the metrigy,
onM thereby gives rise to a metrggp on M. We letD, act on ordinary tensofs, . as the
connection ofyap, with Ricci tensor denoteRyp,.

By performing the well-known “Kaluza-Klein” reduction dii¢ metricgap o0nM, we can
locally write the Einstein equations as a system of equatimnthe factor spadd in terms
of metricdap, the componentd; ap,| = 0,1,...,N of the curvature and th@N + 1) x (N+1)

4The isotropy subgroup of a poirtc M is the subgrougg € G; g-x = x}.



Gram matrix fieldG;

t2 if1=0
G — XaXb, Xa: ’ 3
13 = GabX|'AJ | {wia ifl=i=1,...,N. ©

The resulting equations are similar in nature to the “Einségjuations” orM for §ap,, cou-
pled to the “Maxwell fields"lfa'Ib and the “scalar fieldsG,;, see [23, 4]. We will not write
these equations down here, as we will not need them in this geoeral form.

The equations simplify considerably if the distribution lodrizontal subspaceddy is
locally integrable, i.e., locally tangent to a family @f— N — 1)-dimensional submanifolds.
In that case, the connection is flégb = 0, and the dimensionally reduced equations may be
written as

D3(rG1D,G)! =0 (4)

together with
R A 1 o aiva
Rab = DaDplogr — 7 (DaG HivpyGy. (5)

The equations are well-defined at points in the interioNofcorresponding to points with
trivial isotropy subgroup. At such points, the mat@xs not singular, i.e., the Gram deter-
minant

r2 = |detG| (6)

does not vanish. Conversely, one may find stationary axisgtmeorsolutions to the Einstein
equations by solving the above equations subject to apiptegvoundary conditions od
which ensure that the metrggp, reconstructed fromg,, andG,; is smooth.
Taking the trace of the first equation, one finds thata harmonic function on the interior
of M,
D2Dar = 0. (7)

If M has the structure of a manifold with boundary (as we will pravthe next section for
the situation considered in this paper), then on the boynofal we haver = 0. We may
divide the boundary into a (i) a part correspondindgitavherer = 0 by eq. (2), and (ii) a
part corresponding to various “axis,” whe@; has a null space and where consequently
one or more linear combinations of the axial Killing fieldsiish. For an asymptotically flat
spacetime, the quantitymust be approximately equal in an asymptotically Minkowaski
coordinate system to the corresponding quantity formenh fikocommuting axial Killing
fields andd/dt on exact Minkowski spacetime. Thus, in the regiovbEorresponding to a
neighborhood of infinity oM, and away from the axis,— . By the maximum principle,

r must therefore be in the range<Or < « in the interior ofM. Thus, in this case, the fields
(G~1H)M are globally defined on the interior o, and therefore likewise the dimensionally
reduced Einstein equations.

3 The factor spaceM

In this section, we analyze in some detail the factor space M/ in the case when the
dimension ofM is equal to five. To begin, we consider a somewhat simpletagitun in
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which we have a Riemannian 4-manif@ h,,) with an isometry groupx =U (1) x U (1),
which may be thought of as a spatial slice of our spacetilmeWe denote the elements
of the isometry group bk = (€%,€2) with 0 < 11,1, < 21, and we denote the Killing
vector fields generating the action of the respectid) factors byy3 respectivelyys,
£y, hap = 0 = £y,hap. These vector fields commute,

0= (W1, Wo]* = WODpY3 — YEDLYS. (8)

We denote the action of a symmetry on a poirity k- x. As is common, we call the set
Oy = {k-x| ke « } the orbit of the poink, and we callxy = {k € K | k-x = x} the isotropy
subgroup. As part of our technical assumptions, we assuatethik action is such that
there are no points with a discrete isotropy subgroup. llegientary to show that i, p3
respectively)g, ()3 are two pairs of commuting Killing fields generating such atica of
X, then they must be related by a matrix of intege%r,s

il 2 i g <n% n%) ( ) d n% n% (9)
a=13 n -y, eGL(2,Z) & et( >:il. 9
EPNRGEUE: b g

We denote the Gram matrix of the Killing fields iy = haqu;"‘qJ?.

The general structure of the orbit spate- > /% can be analyzed by elementary means
and is described by the following proposition:

Proposition 1: The orbit space = 2/x is a 2-dimensional manifold with boundaries
and corners, i.e., a manifold locally modelled oW R (interior points),R, x R (1-
dimensional boundary segments) dRd x R (corners). Furthermore, for each of the 1-
dimensional boundary segments, the rank of the Gram mafrig precisely 1, and there is
a vectorv = (v1,v?) with integer entries such tha; vl = 0 for each point of the segment. If
Vi respectively;. 1 are the vectors associated with two adjacent boundary sggmeeting

in a corner, then we must have

1\
<V'2 V'2+1) €GL2,Z) < det(viVis)=+1. (10)
Vi Vil

On the corners, the Gram matrix has rank 0, and in the intédas rank 2.

Proof: At each poink € Z, letVy C T, be the linear span of the Killing fields atwhich
is tangent tdy, the orbit through. Thus, the orbit has the same dimension as a manifold as
the vector spacey. We letHy be the orthogonal complement\df. Each poinix € < must
be in precisely one of the sets

0) S, the set of all points such that the dimensiovgpfs O.
1) S, the set of all points such that the dimensiorvefs 1.
2) S, the set of all points such that the dimensiogpfs 2.

The set$; is open because it coincides with the set of all points suattkie smooth function
detf is different from zero, and the s& is closed because it is the set of all points where
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the smooth function Tt is zero. Evidently, if a poinkis in §, then the entire orbi®y is
in §, too. We will now show how to construct a coordinate chart megghborhood of each
orbit O by considering the different cases separately.

Case 2:If x € S, then the orbiOy has dimension 2. In that case, the isotropy groupadn
be at most discrete. However, this cannot be the case by atismnso the isotropy group
is in fact trivial, and this also holds for points in a sufficily small open neighborhood
of Ox. If we now choose a coordinate systdm,...,ys4} in £ nearx such that(d/dy;)?
and(d/dy»)? are transverse td,, then the surface of constant= 0 = y, meets each orbit
precisely once sufficiently near Thus,{ys,ya} furnish the desired coordinate systensof
nearx, showing that this space can be locally modelled &/erR nearx.

Case 1:For a pointx € S, the orbitOy is one-dimensional, i.e., a loop, and there exists a
linear combination

$=vigi+ v (12)

such thats? vanishes orOy, or equivalentlyf;jvi = 0 there. Hencek = (€¥'",é"’7),0 <
T < 21tis in the isotropy subgroupy. Sincexy is a closed subgroup of the compact group
% =U (1) xU(1), the ratiov! /v?> must either be rational akx = % . The latter would mean
that we are in fact in case 0, so we may chese? to be integers with no common divisor.
It then follows that both(€2/V* 1) and (1,€2/V") are in the isotropy subgroup. Thus, if
we follow the loopOy by acting with(€7,1) on x, then we are back t for the first time
aftert = 2m/ut, whereu! is an integer withu!| > V2|, and if we likewise follow the loop by
acting with(1,€") onx, then we are back for the first time aftee 2mt/u?, where|u?| > |V1|.
The same holds for any other point in the o1}t

To show that the orbit spadecan be modelled ovék, x R nearOy, it is useful to con-
struct a special coordinate systdm,...,ys} nearOy. This coordinate system is designed
in such a way that the action of takes a particularly simple form. We Igt = u't be the
parameter along the orhit— (€7,1) -x. The coordinates$ys,y»,y3} measure the geodesic
distance from the orbit within a suitable tubular neighlmarth, and are defined as follows.
First, we pick an orthonormal basis (ONB&, &, &} of Hy and Lie-drag it along the orbit
to an ONB at eactx(1),0 < 1 < 2r/ul. In general, the ONB will not return to itself after
we have gone througBy once, i.e., after = 2m/ul, but only after we have gone through it
ul-times. Consequently, by choosing the ONBappropriately, we may assume that

. & cog2rwt/ul) sin(2rmt/ut) 0\ /&
(/7). (%) = (sin(anl/ul) cog 2rw! /ul) 0) (%) : (12)
& " 0 0 1/ \& «

for some integem!. In order to obtain an ONB of eadf, ;) varying smoothly as we go
around the loo®y once (incuding at = 2m/u'), we define

el cog—wlt) sin(—wlt) 0\ /&
(e’g‘) = (sin(—wlT) cog —w't) O) (éﬁz‘) (13)
% X(1) 0 0 1 % X(1)

i.e., we undo the rotation. We now define a diffeomorphismmftbe solid tubd3? x B! x St
into an open neighborhood &f by

(Y1, Y2,Y3,Ya) = EXpyr) (Y1€] + Y265 +Y3€5) , (14)

6



wherey, = ult is a periodic coordinate with periodRandy,y», s are sufficiently small.
(B? is a small open disk around the originRf andB* a small interval around the origin
in R.) This diffeomorphism defines the desired coordinates. @ystruction, the action of
(€7,1) is given in these coordinates by

y1 — cogwht)ys +sin(wlt)ys (15)
y2 — cogwht)ys+sinwlt)y; (16)
Y3 — Y3 (17)
Ya = Yat+U'T. (18)

The action of(eiVlT,e“’zT) on these coordinates can be found as follows: First, theracti
of (eiVlT,eiVZT) leaves each point(t) in the orbitOy invariant, and it also maps each space
Hy(r) to itself. Furthermore, sincg' and hencd,s? is invariant under the action ¢€7,1),

it follows that the component matrix (IDasb|x(T) in the ONB {€f,€5,€5} commutes with
the matrix in eq. (12). Thus, it must be a rotation in the plapanned byef|r), & |x)-

Therefore, it follows that the action ¢&"'T,€¥*7) is given by

y1 +— COYNT)y;+Sin(NT)y2 (19)
y2 — COYNT)y2+Sin(NT)y; (20)
Y3 — V3 (21)
Ya +— Y4 (22)

for some integeN. The action of(1,€7) on our coordinates may now be determined in the
same way, and is given in terms of integafsw? by

y1 — coS—WPT)y; + Sin(—wAT)yz (23)
Yo — COS(—WzT)yz-i-Sin(—WZT)yl (24)
y3 — Y3 (25)
Ya — Ya—UPT. (26)

Our arguments so far can be summarized by saying{hat..,ys} furnish a coordinate
system covering a tubular neighborhood of the oyt with y, a 2t periodic coordinate
system going around the lo@p once. The Killing fieldap, y3 are given in terms of these

coordinates by . .
(@)~ (e ) (or): @)

where the vector fieldg', m? generate the longitude respectively the meridian of thieofor
constanR = (y? +y3)'/2 and constanys. They are given in terms of the coordinates by

a_ (9N ey (2, (2
! _(0y4) ’ ma_Yl(f?yz) yz(ayl) ' (29)

By the remarks at the beginning of this section, siméend|? locally generate an action of
% which has no points with discrete isotropy group, the deteamt ulw? — uw! must be
+1. In view of the definition of?, eq. (11), and the fact that = Nn?, it also follows that

uvi—u2 =0, viw!—vw?=N. (29)
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The first equation implies that = cv2 andu? = cV! for somec. Since the modulus af! is
bigger or equal than that of (and the same with 1 and 2 reversed), we must have 1. In
view of the second equation, this implies thst = |c| = 1, and hence that! = v?, u? = V.

The orbit space may now be determined. We have shown tharliits of (€7, 1) and
(1,€7) have the structure of a Seifert fibration, times an intergattie coordinatez. The
fibrations are characterized by the winding numb@ersw!) and (—v, —w?) respectively.
Thus, for example the first fibration is such that ad frgenerator winds around-times, the
generatom? winds aroundv!-times, and similarly for the other action. Thus, if we fadig
the action of €7, 1), we locally obtain the spadx (R?/Z,2), whereZ, C U (1) is the cyclic
subgroup ofp elements whose action d&? = C is generated by the phase multiplication
z+— €¥/Pz The factorR in the Cartesian product corresponds to the coordipaterhile
the other factor to the coordinatesy,. We next factor by(1,€"). Since the only nontrivial
part of this action orR x (R?/Z,.) is a rotation in the con®?/Z, we may parametrize
the orbits in a neighborhood @y by y3 andR = (y2 4 y3)¥/2. This shows that, in case
(1), £ locally has the structur® x R,. On the edge locally defined By = 0, we have
vig2 +v2Ps = 0.

[If we had first factored by the action ¢f, €7), we would have locally obtained the space
R x (R?/Z). The rest would be analogous.]

Case 0:If x€ S, theny? = 0= i3 at the poink, and the linear transformatioBsy?, D3

in the tangent spackzX can be viewed as elements of the Lie-algetir® of O(4), defined
with respect to the Riemannian methig, on Ty2. Taking a derivative of eq. (8) and evaluat-
ing atx, it follows that these linear transformations commutg, at

(DaWh) DpWS — (DaW3)Dpy§ = 0 atx. (30)

This means that, if we form the self-dual and anti-self-qhaats

1 1
Dal1p + ésab“Dcwld, Dalizp + ésadeDchd, (31)

then the self-dual part dDa)1p must be proportional to that @, at X, and similarly
for the anti-self-dual parts, as one may see using the Igebah isomorphism between
0(4) ando(3) x o(3) corresponding to the decomposition into self-dual and-selfidual
parts. Now pick an orthonormal tetrdef, €, €5, €7} atx. Then basis for the 3-dimensional
spaces of self-dual and anti-self-dual skew 2-tensorgarare given byeya€xy + €354,
€1[a30] Tt Boaan AN €))a€4p) T €583, respectively. Performing a@(4) rotation of the
tetrad corresponds to two independ@iB)-rotations of the respective basis of self-dual
and anti-self-dual tensors, and vice versa. It follows teaad may be rotated if necessary
so that the self-dual parts &fa1, and Dai2, are proportionakz€y,) + €34€4y), and the
anti-self-dual parts are proportionalég,ey, — €3a€4p). Therefore we may write, at

Dalizp ny N5/ \ 2esq€m)
for some matrimij. Let us now pick Riemannian normal coordinafgs, y»,ys, Y4} centered
at x corresponding to our choice of tetrad. Then, since the riglliields g and @3 are
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globally determined by the tensomlpg and Dawg at the pointx, it follows from eq. (32)
thaty? =y n/ -s in an open neighborhood a&f where

9 \? a\? a\? a\?
§=y1<a—y2) —y2<a—y1) ; §=y3<a—y4) —y4<a—y3) : (33)

Since both sets of Killing fields? and & have periodic orbits with periodr® both the

matrix n\ and the matrix/; = (n~1)} must be integer valued. We now defiRe = (y4 +

¥3)Y2 Ry = (Y34 y2)Y/2. These quantities are clearly invariant under the actior @nd in
1—1 correspondence with the orbits n€gt This givess the structure oR.. x R near the
orbit Ox. On the edges locally defined By = 0, we haves'y2 + v2y3 = 0.

We have now constructed the desired coordinate systems abibve 3 cases, and it can
be checked that the transition functions are smooth. Thulave shown thak has the
structure of a manifold with boundaries and corners. O

The same technique of proof may be used to analyze the pedsibizon topologies
of stationary, asymptotically flat black hole spacetimehain action ofx = U (1) x U (1)
satisfying the hypothesis that there are no points withrdiedsotropy group undex .

Proposition 2: Under the above hypothesis, each connected component lobtizen cross
sections#/ must be topologically either a rin§ x S, a spheres®, or a Lens-spack(p,q),
with p,q € Z.

Remark 1: The Lens-spacds(p,q) (see e.g. [1, Paragraph 9.2]) are the spaces obtained by
factoring the unit spher&® in C2 by the group actiotizy, z2) — (€#™/Pz,e?9/Pz,). The
fundamental group of the Lens spacetgl(p,q)) = Zp, andq is determined only up to
integer multiples ofp. Since a Lens-space is a quotient of the positive constanatiue
spaceS® by a group of isometries, it can carry a metric of everywhersitpve scalar curva-
ture, like the other possible topologig$andS? x St. Thus, the possible horizon topologies
listed in Proposition 2 are of so-called “positive Yamabeety in accordance with a general
theorem [11].

Proof: As a result of the rigidity theorem [18], we can find a horizooss sectior¥ which

is itself a Riemannian manifold with induced metaig,, of dimension 3, invariant under the
groupx = U (1) xU(1) of axial symmetries generated i)f andy)3. By the same argu-
ments as in the proof of Proposition 4, divided by x is a 1-dimensional manifold with
boundary, i.e., a union of intervals, each of which corresisao a connected component of
# . We restrict attention to one connected componemt pfvhose space of orbits is a single
interval. The end points of the interval correspond to lehsional orbits where a linear
combination of the axial Killing fields vanishes\e call these orbit®y, andOy,. They are
closed loops. All other points of the interval correspondan-degenerate orbits diffeomor-
phic to the 2-torus! x St. At xq, an integer linear combinatiorg = vig? +v2y3 vanishes,
while atxp, an integer linear combinatiamd = vW2 + V23 vanishes. As in the proof of
Proposition 1, we may introduce a local coordinate systenisiular neighborhoods @y,

SThere cannot be pointsin # where bothp§ andy$ vanish, sinceDanE and Dawg would otherwise be
two commuting but not linearly dependent infinitesin®(3) rotations in the tangent space xfwhich is
impossible.



andOy, such that each neighborhood is diffeomorphic to a solid &lbeB?. We denote the
radial coordinates measuring the distance from the orig@ach of the discB? by R; for the
first tubular neighborhood, and IR for the second tubular neighborhood. By construction,
the tori of constanR; respectivelyR, correspond to 2-dimensional orbits ®f, i.e., interior
points of the interval. In factR; andR, measure the distance of the inteorior point of the
interval to the first respectively second boundary point.

If m, 1§ are the meridian of a torus of constain the first tubular neighborhood (with
the longitude going around tt&-direction in the cartesian produst x B?), andmg, 13 the
corresponding quantities for the second tubular neighdmththen as in case 1 in the proof
of Proposition 1, we have

() (% W) () (% W) (a) e
W) \-vp o —wg)\mg) o\ —wg) \mp)

We must now smoothly join the coordinate systems definingubalar neighborhoods of
Oy, respectivelyOy,. Each tubular neighborhood is a solid toBfsx St. Their boundaries
(each diffeomorphic to a toru8 x S') must be glued together in such a way that the orbits
of Y§ andyj match. In order to exploit this fact, we act with the inverthe second matrix
on eq. (34), to obtain the relatior = pl3 + qn§, where

q=W3Vvi—WaVi, p=Vviv3—Viv; = det(vy,Vp). (35)

This means that, while the meridian goes around the the toousding the first tubular
neighborhood once, it gogstimes around the longitude amgtimes around the meridian
of the torus bounding the second tubular neighborhood. &kebd tubes have to be glued
together accordingly. Whep # 0 # g, the manifold thereby obtained is topologically a
Lens spacé(p,q) according to one of the equivalent definitions of this spatee thatq is
defined in terms of the vectovs, v, by the above equation up to an integer multgpesince
the vectoraw, respectivelyw, are only defined up to integer multiples\af respectively;
by the condition that the matrices in eq. (34) have deterniitd. However, the Lenk(p, q)
andL(p,q+sp) are known to be equivalent, so the Lens space is determiriqdeaiy by the
pair (v1,V2).

If g= 0 modulopZ, thenp = +1, and vice versa. In that case, we may similarly argue
as above and show that is topologicallyS3. Finally, if p= 0, theng= +1 and vice versa,
and we may argue as above to show thais topologicallyS’ x St. O

Remark 2: The proof shows how the different topologi€% S* x S',L(p,q) are related
to the kernel of the Gram matri;; = gaqu;"‘qJ? at the 2 boundary points of the interval
| = # /%, i.e., the “rod-vectors” introduced in the next sectionwi denote the integer-
valued vectors in the kernel by, vz, and setp = det(vy,v3), then the topolgy of is
FxStif p=0,itisS*if p==+1, and a Lens spads p,q) otherwise.

We finally consider in detail the orbit spaté = M/¢ of a stationary, asymptotically
flat, Lorentzian vacuum black hole spacetiM,g,p) of dimension 5 with 2-dimensional
axial symmetry grougk = U (1) x U(1). The Killing field t2 that is timelike near infinity
corresponds to the isometry groly so that the full symmetry group is = ¥ x R. As
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above, we assume that there are no points in the exteridrwhose isotropy subgrougy

is discrete. We denote the exterior of the black hole agaiM pso thatM itself is a manifold
with boundarydM = H. We also assume thM is globally hyperbolic. First, we note that
t® can nowhere be equal to a linear combination of the axiairijifields. Indeed, letting
be the flow oft?, if t2 were a linear combination of the axial Killing fields at a pioire M,
then theF-orbit throughx would either be periodic (for a rational linear combinajioor
almost periodic (for an irrational linear combination).i§twould imply that there are closed
(or nearly closed}-orbits. However, consider the intersectignof 0J" (F(x)) with 7.
Evidently, on the one han& must be bounded assaries, because the orbEgsare periodic,
or almost periodic. On the other hand, near, the Killing fieldt2 is timelike, so the setS;
are related by a time-translation, and hence cannot be leduast varies. Thug? cannot
be tangent to a linear combination of the axial Killing fieidsany point.

Next, we show that the linear spsfaof Y5, )3 is everywhere spacelike. Indeed if there
was a linear combinatio&? of the axial Killing fields that was timelike or null somewleer
then we could consider the timelike or null orbit & . This orbit must necessarily have a
closure inM that is non-compact, again invoking the global causal tirecof M. On the
other hand§? is a linear combination of axial Killing fields, so it must leagither periodic
or almost periodic orbits and its closure must hence be ittoerte a compact factor group
of ¥, a contradiction.

Thus, we have now learned thd is spacelike for allk, and thatt? is transverse to
Vy for all x. This can now be used to determine the general structureeobthit space
M. To do this, we split the isometry group = % x R into the subgroufR generated by
t2, and the compact subgroup generated by the axial Killing fields. Proceeding as in the
proof of Proposition 1, we first consider the factor spllcex . Using thal/y are everywhere
spacelike, it now follows tha¥l/ x is a 3-dimensional manifold with boundaries and corners
(of dimension 2 and 1 respectively). We then factor in additby the subgroufR. Since
the action ofR is nowhere tangent to the orbits af, the action is free, and we find that
M = (M/%)/R is a 2-dimensional manifold with boundaries and corners.

Finally, we know thaMM is simply connected by the topological censorship theo@m [
10]. By standard arguments from homotopy theory, becguseconnected, also the factor
spaceVi has to be simply connected. We summarize our findings in aoBtpn:

Proposition 3: Let (M, gap) be the exterior of a stationary, asymptotically flat, 5-disienal
vacuum black hole spacetime with isometry grapp= X x R, as described above. Then
the orbit spacé/l = M/¢ is a simply connected, 2-dimensional manifold with bouietar
and corners. Furthermore, in the interior, on the 1-dinwrediboundary segments (except
the piece corresponding k), and on the corners, the Gram mat@y = gabtpf‘lp? has rank
precisely 21 respectively 0.

4 Classification of 5-dimensional stationary spacetimes

We now consider again the reduced Einstein equations fat@sary black hole spacetime
with n— 3 commuting axial Killing fields. We assume that the actioometry groupx

generated by the axial symmetries is so that there are ntéspwitih discrete isotropy group.
We also assume in this section that the infinity is metricaliyl topologically a sphere,
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> = S2. Thenn— 3 commuting axial Killing fields are only possible whan= 4,5 but
not for dimensions > 6, because the compact p&®@n — 2) of the asymptotic symmetry
group admits at mogin — 2) /2 mutually commuting generatétswhenn = 4, the rigidity
theorem [16, 5, 30, 8] guarantees the existence of at leashane axial Killing field, so that
the total number of Killing fields is at least 2. Thus, fo 4 we are always in the situation
just described. Ih =5, the higher dimensional rigidity theorem [18] also guéeas at least
one more axial Killing field, but for a solution with precigedne extra axial Killing field,
we would not be in the situation just described if such sohgiwere to exist. From now on,
we taken = 5, and wepostulatethat the number of axial Killing fields isl = 2. We also
assume that the axial symmetries have been defined so adit@dbe standard rotations in
the 12-plane resp. 34-plane in the asymptotically Minkdesskegion.

As explained in Proposition 3 in the last section, in thaedas factor spadd is a simply
connected 2-dimensional manifold with boundaries anderstnAs in 4 dimensions, one
can show using Einstein’s equations and Frobenius’ thedhatnthe horizontal subspaces
Hy orthogonal to the Killing fields are locally integrable [33p the metric may be written
as

Gab = (GHX1aXgp+ 0" Gy (36)

away from points wher& is singular, wheret: M — M = M /¢ is the projection. Further-
more, using that d& is nowhere vanishing in the interior ¥ and negative near infinity,
it follows that dup is a metric of signatur¢++), i.e., a Riemannian metric. The reduced
Einstein equations for this metric are given by egs. (4) &)d (

Since M is an (orientable) simply connected 2-dimensional analytianifold with
boundaries and corners, we may map it analytically to theeumomplex half plane
{C € C; Im{ > 0} by the Riemann mapping theorem. Furthermore, sinteharmonic,
we can introduce a harmonic scalar figldonjugate ta (i.e., D2z = §2°Dyr). Since an ana-
lytic mapping is conformal we also haﬂgazr =0= azazz, and from this, together with the
boundary conditiom = 0 for Im{ = O, one can argue thgt= z+ir by a simple argument
involving the maximum principle [34]. In particularandzare globally defined coordinates,
and the metric globally takes the form

Gab = "2 [(dr)a(dr)p + (d2)a(d2)] (37)

Since eq.(4) is invariant under conformal rescalinggsgf 4nd since a 2-dimensional metric
is conformally flat, it decouples from eq. (5). In fact, wmigi the Ricci tensoRyy, of (37) in
terms ofv, one sees that eq. (5) equation may be used to detexntipa simple integration.

The coordinate scalar fieldsz on M are uniquely defined by the above procedure up to
a global conformal transformation of the upper half plare, & fractional transformation of

the form
al+b

Z = =
c(+d
We will now show howr,z can in fact be uniquely fixed by a suitable condition near in-
finity, up to a translation oz. For 5-dimensional Minkowski spacetime, the Killing fields
5 = (0/0¢1)? and s = (9/0¢p)? are rotations in the 12-plane and the 34-plane, and the

a,bcdeR, ad—bc=1, (=z+ir. (38)

6If we assume a different topology and metric structur&gfsuch ag., = T"?, then the spacetime may
haven — 2 commuting axial Killing fields.
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coordinates,z as constructed above are given in terms of inertial cootdgbyr = R1R>

andz= 1(R2 —R3), with Ry = /X2 +x3 andR, = | /X3 + X2, as well asp; = arctarfxy/x)

and@ = arctarf{xs/x4). The conformal factor is given bg?’ = 1/2/r2+ 22. In the general
case, we may pick an asymptotically Minkowskian coordirstetem and we may define
the quantities, zon the curved, axisymmetric spacetime under consideratidhat they are
approximately equal near infinity to the expressions in Mimgki spacetime as just given.
In particular, we may achieve that

1
& — W (39)

near infinity, which corresponds to— o, aszis fixed or toz— =0 for r = 0. This condition
fixesa=d =1,c= 0 and hence leaves only the freedom of shiftzriny a constant. Thus, in
summary, the Einstein equations are reduced to the two gésmbequations (4) and (5) on
the factor manifoldVl = {{ =z+ir € C; Im{ > 0} with metric (37) and a preferred coordi-
nate systenfr,z) that is determined up to a translationzofThe functiorwv is determined by
eg. (5), subject to the boundary condition (39).

So far, our construction is similar to well-known constiaos leading the the uniqueness
theorems im = 4 spacetime dimensions (for a review, see [17]). In factathlg apparent
difference to 4 dimensions is that the matrix fi@g is a 3x 3 field in 5 dimensions, while it
is a 2x 2 matrix field in 4 dimensions. In particular, all informatiabout the topology d¥1
and the horizon might seem to be lost. In 4 dimensions, thecestlEinstein equations may
be used to prove that stationary metrics are unique for fixaglsnand angular momentum.
On the other hand, it is known that in 5 dimensions, solutamesnot uniquely fixed by these
parameters, and that there are even different possibilitiethe topology of the horizon.
Thus, one naturally wonders where those differences am@dexdn the above formulation.

To understand this point, we must remember that the 2-diinealsorbit spaceM is a
manifold with boundaries and corners by Proposition 3. Tine $egments of the boundary
correspond to the axis (i.e., the sets where a linear cortibmmltpi”rvztpg vanishes), or
to the factor space of the horizoH, = H/G. The corners—the intersections of the line
segments—correspond to points where the axis intersegtihere both Killing fields van-
ish simultaneously), or to points where the axis interdeettorizorH. In the realization of
M as the upper complex half plane, the line segmen@/btorrespond to intervals

(—0,21),(21,2), - -5 (Z Zer1) (Zr 1, %) (40)

of the real axis forming the boundary of the upper half plaBgidently, if the horizon is
connected as we assume, precisely one intémat, 1) corresponds to the horizon. The
other intervals correspond to rotation-axis, while thenggx; correspond to the intersection
points of the axis, except for the boundary points of theriate(z,, z,, 1) representing the
horizon. Above, we argued that the coordinate defined in a diffeomorphism invariant
way in terms of the solution up to shifts by a constant. Coueatly, thek positive real
numbers
h=zn-2, b=2n-z3, ... k=Z&—27;1 (41)

are invariantly defined, i.e., are the same for any pair omistoic stationary black hole
spacetimes of the type we consider. Thus, they may be viewgtbhal parameters (“mod-
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uli”) characterizing the given solution in addition to theagsm and the two angular mo-
mentaJ;,J,. Furthermore, with each), there is associated a label which is either a vector
vj = (vj,v?) of integers such that the linear combinatid3 + vé 3 vanishes, ov, = (0,0)

if we are on the horizon. The labels corresponding to therfmst” intervals(—c, z;) and
(zr1,%0) must be(0, 1) respectively(1,0), because this is the case for Minkowski spacetime,
and we assume that our solutions are asymptotically flato fksm Proposition 1, and the

Remark 2 following the proof of Proposition 2, we have

det(vj,vj41) = £1 | if (z-1,7)) and(zj,zj+1) are not the horizon
det(Vh_1,Vhi1) =P \ if (zn,2n+1) is the horizon

Moreover,p =0 for # = £ x S, p=+1 for % = S, and# = L(p,q) is a Lens-space
for other values op. The numbergl;} and the assignment of the lab€lg;} are related
to the “rod-structure” of the solution, introduced from anaocal perspective in [14] see
also [7] for a special case. We will therefore simply call taga consisting ofl; } and the
assignmentgv; } the rod structure as well.

For 4 dimensional black holes, there is only the trivial rodructure
(—,21),(21,22),(22,0), with the middle interval corresponding to the horizon, and
the first and third corresponding to single axis of rotatibéthe Killing field. Furthermore,
the rod length; may be expressed in terms of the global parametedsof the solution.
By contrast, in 5 dimensions, the rod structure can be neialrand in fact differs for
the Myers-Perry [29] and Black Ring [6] solutions. For thesses, the rod structure is
summarized in the following table [14]:

Rods Rod Vectors (Labels) | Horizon Topology
Myers-Perry BH (—0,21),(21,22), (22,) (1,0),(0,0),(0,1) S
Black Ring | (—,21),(21,2),(22,23),(z3,%) | (1,0),(0,0),(1,0),(0,1) Fx s
Flat Spacetime (—,21),(21,0) (1,0),(0,1) —

The following rod structure would represent a “Black LerfsSuch a solution would exist:

Rods Rod Vectors (Labels) | Horizon Topology
Black Lens| (—,21),(z1,2),(22,23),(23,) | (1,0),(0,0),(1,n),(0,1) L(n,1)

Even for a fixed set of of asymptotic chargesl;, J> the invariant lengths of the rods =

21 — 2,12 = 22 — z3 may be different for the different Black Ring solutions, @ponding to
the fact that there exist non-isometric Black Ring solusiasith equal asymptotic charges [6,
7]. On a rod labelled (1,0)", all components 0fG;j = Gj1, ] = 1,2 vanish but not the
other ones, while on a rod labelled “(0,1)", all compone@fs = Gj, vanish. The vector
(1,0) hence corresponds t@@dg; -axis, while the vectof0, 1) corresponds to 8/0@,-axis.
Thus, we see that the rod structure enters the reduced fieltieqs through the boundary
conditions imposed upon the matrix fielgl;. The horizon topology is also determined by

’In [14], neither the condition that, v? be integers, nor the determinant conditions for adjacehvestors
and their relation to the horizon topology were obtainedrttrermore, his rod vectors have 3 components,
rather than 2.
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the rod structure by Proposition 2, see also Remark 2 foligwhat proposition. This is how
the different topology and global nature of the solution$ imensions are encoded in the
reduced Einstein equations on the upper half pMne

Clearly, since we have argued that the rod structure is adaliibrphism invariant datum
constructed from the given solution, two given stationdgck hole solutions with 2 axial
Killing fields cannot be isomorphic unless the rod strucuaed the masses and angular
momenta coincide. The main purpose of this paper is to paintie following converse to
this statement:

Theorem: Consider two stationary, asymptotically flat, vacuum blacke spacetimes of
dimension 5, having two commuting axial Killing fields thatnremute also with the time-
translation Killing field. Assume that both solutions hatie same rod structure, and the
same values of the massand angular momenta, J,. Then they are isometric.

Proof: As in 4 spacetime dimensions, the key step in the argumeiat pait the reduced
Einstein equations in a suitable form. Following [26] (s&®4d25]), this is done as follows
in 5 dimensions. OM, we first define the two twist 1-forms

Wa = EapcadlBWSOYWS (42)
Wpa = Sabcdép?wgmdl“g- (43)

Using the vacuum field equations and standard identitieKifbng fields [33], one shows
that these 1-forms are closed. Since the Killing fields comenthe twist forms are invariant
underg, and so we may define corresponding 1-forig and dy, on the interior of the
factor spaceM = {Z € C; Im{ > 0}. These 1-forms are again closed. Thus, the “twist
potentials”

ZA . _
X = [ @dt+ gt (44)

are globally defined oM and independent of the path connecting 0 &nd/e introduce the
3 x 3 matrix field® by

( (detf)~L —(detf)~1xy —(detf)~1x» )
®=

—(detf)"Ix1 fir+(detf) Ixix1 fio+ (detf)"xix2 (45)

—(detf)"Ixo  far+ (detf)Ixoxy fao+ (detf) Ixox2

Here fjj is the Gram matrix of the axial Killing fields,
G G2
f= . 46
( Ga1 G2 ) (46)
The matrix® satisfiesp’ = ®, detd = 1, and is positive semi-definite, meaning that it may

be written in the forn® = ST Sfor some matrixS of determinant 1. As a consequence of the
reduced Einstein equations (4) and (5), it also satisfieditlegence identity

DA[rd 1D, =0 (47)
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Consider now the exterior of the two black hole solutiongabe statement of the theo-
rem, denotedM, gap) and(M, §ap). We denote the corresponding matrices defined as above
by ® and®, and we use the same “tilde” notation to distinguish any othmntities asso-
ciated with the two solutions. Since the orbit spaces of @spective spacetimes can both
be identified with the upper half-plane as analytic mangplde can identify the respective
orbit spaces. Furthermore, one can show by reversing theroations of the local analytic
coordinate systems in the proof of Proposition 1 that ghenanifold M can be uniquely
reconstructed from the rod structure, iM.as a manifold with & -action is uniquely deter-
mined by the rod structure modulo diffeomorphisms preserthe action of; . Therefore,
since the rod structured;, ¥} and{l;,v;} are the same\l andM are isomorphic as man-
ifolds with a g action, and we may hence assume tiat M, and thaff? = t2 {2 =
fori=1,2. It follows in particular thaga, andgs, may be viewed as being defined on the
same analytic manifoldyl, and we may also assume that ¥ andZ= z Consequently, it is
possible to combine the divergence identities (47) for wegolutions into a single identity
on the upper complex half plane. This key identity [27, 25¢adled the “Mazur identity”
and is given by:

Da(rD3TrW) = r §°Tr [As] PAJ D] (48)

where N
W=00d 11 As=01D0— 0 'D0. (49)

Using now the identitie® = STSand® = ST, the Mazur identity can be presented in the
form

Da(rD3TrW) = r §°Tr [NINy] (50)

whereN, = S 1A7,S

The key point about the Mazur identity (50) is that on the $&de we have a total diver-
gence, while the term on the right hand side is hon-negaifiles. structure is now exploited
by integrating the Mazur identity ovéM. Using Gauss’ theorem, one finds

/A rD.TrwdS = / rg2°Tr [NIN,] av, (51)
OMUe M

where the integral over the boundary includes an integrati@r the “boundary at infinity”.
If one can show that the boundary integral on the left sideei® zthen it follows thatN®
vanishes orM, and hence tha® 1D,® = ®1D,®. Since this implies tha®1® is a
constant matrix o, one concludes thap = @ if this holds true at one point dfl. Using
that the Gram matrlceBJ and fij become equal near infinity, and using tfats equal toy;
on the axis (see below), one conclues thas equal tod on an axis near infinity, and hence
equal everywhere iM.

This can now be used as follows to show that the spacetimesameetric. First, it
immediately follows fron® = ® that; = Xi and that the Gram matrices of the axial Killing
fields are identical for the two solutlonsﬁ.,j = fij. To see that the other scalar products
between the Killing fields coincide for the two solutiong, de = gabt""qJI B = gapt?P, and
define similarly the scalar produdis, B for the other spacetime. One derives the equation

Da[(f 1) aj] = r(detf)1&° (f ) Dpy;. (52)
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The right side does not depend upon the conformal fagtso sincex; = Xj and ﬁj = fij,
it also follows thatl; = a; up to a constant. That constant has to vanish, since it vesiah
infinity. Furthermore, from

B=(fYHlajaj — (detf)~r? (53)

we havef& = B. Thus, all scalar products of the Killing fields are equaltfeg two solutions,
Gy = Gi3 on the entire upper half plane. Viewing now the reduced Einstquation (5) as
an equation fow respectively, one concludes from this that= v. Thus, summarizing, we
have shown that if the boundary integral in the integrate@iMadentity eq. (51) could be
shown to vanish, the@; = Gi3, f =r, Z=zandV = v. Sincef2 =1t2, P& = ¢ it follows
from eqs. (36) and (37) thaty, = gap. This proves that the two spacetimes are isometric,
proving the theorem.

Thus, to establish the statement of the theorem, one nequ®ve that the boundary
integral in (51) vanishes. For this, one has to analyze thavier of the integrandD,TrW¥
near the boundary Iif1= O (i.e., the horizon and the axis) and near the boundary aitiyfi
Im{ — o as R€ is kept fixed (i.e., spatial infinity). At this stage one hasig® again that
the asymptotic charges and the rod structure of the sokiiomassumed to be identical. We
divide the boundary region into three parts: (1) The axisti{& horizon, and (3) infinity.

(1) On each segmefit;,zj,1) of the real line In{ = r = 0 representing an axis, we know
that the null spaces of the Gram matridgsand f;; coincide, because we are assuming
that the rod structures of both solutions are identicaltharmore, from eq. (44), and
from the fact thai, vanishes on any axis by definition, the twist potentjglsire
constant on the real line outside of the segmentz,, 1) representing the horizon.
The difference between the constant valugiobn the real line left and right to the
horizon segment can be calculated as follows:

Zhil | R -
Xi(r=0,2,) = Xi(r =0,2111) = , Gzl + Gyzdl
1

1
— (2?2 /sg, OraWy)i dS® = constJ;.

The first equality follows from the definition of the twist goitials, the second from
the defining formula for the twist potentials and the fact tie twist potentials are
invariant under the action of the 2-independent rotati@mistries each with period
21t (with # a horizon cross section), the third equation follows fronu§€ theorem
and the fact that1?(Ojadyi) = 0 whenRap = 0, and the last equality follows from
the Komar expression for the angular momentum in 5 dimessidrhe analogous
expressions hold in the spacetim@,gab). Because we assume thiat= J;, we can
add constants tg;, if necessary, so thgt; = X; on the axis, and in fact thdty; =
Xi — Xi = O(r?) near any axis. One may now analyze the contributions to thadwry
integral coming from the axis using the expression

DaTrW = D, | (detf)H{—A(detf) + (fYHiaxiax;} + (FHaf;| . (54)
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@)

3)

We consider a particular axis rod with rod vectos (v, v?), which by assumption is
identical for the two solutions. We pick a second basis veate- (w',w?), and we
denote bw*, w* the dual basis. We conclude that, on the given rod

fij = a\ff\ff + bWrV\f]k + ch(ivﬁ), ﬁj = avlk\flk + BV\i,kV\f]k T ZCN:\f(kiV\fjk), (55)

with &= O(r?) = a,b = O(1) = band¢’= O(r) = c. We insert this into eq. (54), we
use thatAx; = O(r?) on the axis, and we use the detailed fall-off properties ef th
metric as well as the quantitieg, fij, Xi, ﬁj for large z, which are the same for any
asymptotically flat solution to the relevant order. One fitidg D, Tr W is finite on the
axis, so that the corresponding contribution to the linegnal vanishes. The details of
this analysis are in close parallel to the correspondindyaisaof Ida et al. [26], who
analyzed the situation for a special horizon topology amdstoucture.

On the horizon segment, the matridgs ﬁj are invertible, sd,TrW¥ is regular, and
the boundary integral over this segment vanishes.

Near infinity, one has to use the asymptotic form of therimé&tr an asymptotically flat
spacetime in 5 dimensions. In an appropriate asymptotidéithkowskian coordinate
system such that asymptoticalpf = (0/0¢1)? andg = (0/9¢»)?, it takes the form

2
g = — 1—%+O(R‘2)>dt2+ (%ﬂswwom—?’))dtdq

) 3 u -3
n Tcosze-i—O(R ) |dtdgz+ | 14 555+ O(R™) | x

X

2 2 ai
R2+a1002529+a232|n29R2dR2+
(R?+af)(RP+a3)

(R4 ) SO+ (R 22) coszedqg>

(R?+ a3 cos 8+ a3sir’0) do?

wherey, a;, a; are parameters proportional to the mass, and the angulaentads, J,

of the solution. One must then determine the functimmsas functions oR, 0 near
infinity using the reduced Einstein equations, subject éoltbundary condition (39)
near infinity. This then enables one to find asymptotic exipassfor fij, ﬁj,Xi,)~(i in
terms of the parameterk, J,,m,Jy, Jo, M. Using that these parameters coincide for
both solutions, one shows that the contribution to the bannohtegral (50) vanishes.
Again, the details of this argument only depend upon the asytics of the solution,
but not the horizon topology, or rod structure. They aredfwe identical to the
arguments given in [26] for spherical black holes, see ddo $ec. 4.3].

This completes the proof. 0

5 Conclusion

In this paper we have considered 5-dimensional statioaaynptotically flat, vacuum black
hole spacetimes with 2 commuting axial Killing fields geniegan action ofJ (1) x U (1).
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Under the additional hypothesis that there are no pointls avidiscrete isotropy subgroup,
we have shown that the black hole must have horizon topa®g§? x St, or L(p,q), and
that each solution is uniquely specified by the asymptotiz@ds (mass and the two angular
momenta), together with certain data describing the regposition and distance of the
horizon and axis of rotation—the “rod-structure,” definachisomewhat different form first
by [14]. Our proof mostly relied on the knowsrmodel formulation of the reduced Einstein
equation [25, 26], combined with basic arguments clardytime global structure of the factor
manifold of symmetry orbits.

As we have already pointed out in the introduction, the caswesidered in this paper
presumably does not represent the most general staticasyptotically flat black hole
solution in 5 dimensions. It appears highly unlikely that method of proof could be gen-
eralized to solutions with only one axial Killing field, if sh solutions were to exist. On the
other hand, we believe that our assumption that there are@iméspwvith a discrete isotropy
group is only of a technical nature. Without this assumpttbe orbit space will have sin-
gular points (“orbifold points”), rather than being an aptiel manifold with boundary. Our
analysis of the integrated divergence identity (51) thenladialso have to include the bound-
aries resulting from the blow ups of the orbifold points. dems not unlikely that the proof
could still go through if the nature of the discrete subgmigidentical for the two solu-
tions. Thus, it appears that we need to specify in generaaat [(a) the mass and angular
momenta (b) rod structure, and (c) a datum describing théiposf the points with discrete
isotropy subgroups in the upper half plane, together wighsghecification of the subgroups
themselves.

It is also interesting to ask how the parameters in the ragtsire are related to other
properties of the solution, such as the invariant chargaszdn area, or surface gravity. For
example, by evaluating the horizon area for the metric (86, finds that the rod parameter
l,, associated with the horizon is given hy= kA/41%, but we do not know whether similar
relations exist for the other rod parameters. It is also tesrovhether all rod structures can
actually be realized in solutions to the vacuum equatiooswhether the horizon topologies
L(p,q) can be realizétd Finally it would be interesting to see if the constructiarighis
paper can be generalized to include matter fields [20].
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for a stipend, and the Institut fur Theoretische Physik i@g#n for its kind hospitality. He
also acknowledges financial support from the Bulgariandyeati Science Fund under Grant
MUF04/05 (MU 408).

Note added in proof: After this manuscript was posted, it was noted by P. Chrusicat
our analysis did not properly take into account points wititkte isotropy group. We have
added a corresponding assumption to the hypothesis. Weatedid to him for sharing his
insight with us.

8Solutions with horizon topologl(n, 1) have however been found in Einstein-Maxwell theory, seé [21
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